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MEMORANDUM TO THE TEACHER 

Publishers and authors are interested in learning how to 
improve their publications. Revision is a continual 
process, but meaningful feedback from teachers in the 
classroom is difficult to obtain. Therefore, we would 
like to ask for your assistance in helping us with advice 
and guidance in order that we may further refine this 
program, 

As you teach from one of the Courses of Unified Mathe- 
matics, and at the end of the course, jot down any 
information or suggestions about areas that may have 
presented difficulty or that were especially appealing 
to the students. Many sound programs have been weakened 
in revision because some solid feature was innocently 
removed. Then, tear out this page and send your remarks 
to us. The following questions may help you focus on the 

kinds of general matters concerned, 

1. How have you used the program? 

2. What have been the strongest features? 

3. Where has there been difficulty? 

4, What would you like to see changed? 

s, - Any errata: errors such as spelling, mislabeled dia- 
crams, 6ce.2 

6. New aspects that might be introduced? 

Thank you for your assistance, and we hope that your 
experience with this innovative program in Unified 
Mathematics will be successful. 

ala Ne 
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TEACHERS' COMMENTARY 

UNIFIED MATHEMATICS 

COURSE IV 

This is the fourth course in a six-year series on 
secondary school mathematics designed for good college 
preparatory students. This new series is justified by a 

number of events that have occurred in the past decade, 
New subject matter has entered into the secondary school 
program, new information has become available on how 

learning is motivated, and a new organization of mathe- 
matical knowledge has taken place. Experimentation and 
research, in the U.S.A. and Europe attest to improvement 

in mathematical education by virtue of these new develop- 
ments, 

This series of books takes into consideration all the 
above factors, relying heavily on the work of the Secon- 
dary School Mathematics Curriculum Improvement Study to 
which the authors acknowledge their indebtedness. 

REASONS FOR THIS SERIES 

During the past twelve years, many countries have been 
- engaged in revising their mathematics curricula. In some 
cases it has been an updating of the existing traditional 
program, as in the United States of America. Throughout 
this period of time we have maintained the division of 
school mathematics into separate years (or half-years) of 
the study of arithmetic, algebra, geometry, and trigono- 

metry. We are the only country left in the world that 
maintains this separation of the branches. Beyond token 
introduction of new ideas, some rearrangement of the se- 
quence of topics, and (for a few students) acceleration 
of study so as to permit a year of instruction in calculus 
little has been accomplished in the way of bringing more 
advanced or newer study into the high school. For the 
latter prupose, it is necessary to make a more efficient 
organization of the subject matter, one more in harmony 
with the contemporary conception of the nature of mathe- 
matical study. 

Reports of the conferences and seminars held recently in 
Europe and the United States have brought to light ways 
in which mathematics can be unified for school study, 
mainly through the use of common concepts at the base of 
all the traditional branches. Principal among these ideas 
are sets, relations, mappings, and operations, and the 
basic structures such as groups, rings, fields, and 
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vector spaces. Extensive experimentation throughout the 
world has shown the feasibility of teaching a unified 
program. This series of textbooks is based on the knowl- 
edge gained in all these studies and in extensive experi- 
mentation during the last ten years, 

SUBJECT MATTER CONSIDERATIONS 

That formal mathematics at the university and graduate 
level of study could be organized in terms of its funda- 
mental concepts and basic structures became apparent 
through the foundational studies at the turn of the 
twentieth century and the subsequent Bourbaki analysis 
begun in the 1930's. What was not known, as late as 1960, 
was how such a unified organization could be used to re- 
structure secondary school mathematics into a form suit- 
able for presentation to students. The reports and seminars 
referred to above produced guidelines for developing 
experimental programs. These experiments were carried 
out in the Nordic countries, England, Germany, and more 
recently in Belgium, France, and the United States. There 
has evolved a trend in curriculum development that 
genuinely reflects the contemporary point of view of 
mathematical education. It permits the introduction into 
high-school mathematics of much that has hitherto been 
considered collegiate instruction. 

DESIGN OF THE CURRICULUM 

All mathematics can be conceived of as the study of sets, 
upon which there is imposed a set of axioms and defini- 
tions, called the structure. With any set and its 
structure, many relations, theorems, and applications or 
activities can be derived. The sets in elementary mathe- 
matics are usually those whose elements are called 
number or points. But the sets could be those of functions, 
economic Saaorete, words of a language, or anything. In 
our study we shall be mainly concerned with a few 
structures, their realizations and many useful types of 
activities that are derived from them. 

Since in Course IV, the major part of the program is 
built on knowledge gained in the previous courses, it may 
be well to review the structures of those three courses, 
Course I was primarily an intuitive approach to the 
fundamental ideas of set, relation, operation, and 

mapping (function). The number systems--whole numbers, 
integers, and rationals--were used to illustrate the 
structures of group, ring, and field, which were further 
developed in Course II, where the real numbers became a 
realization of a completely ordered field. Finite number 
systems (clock arithmetic) were introduced as examples 

2 



and counter-examples of the structures. In Course III, a 
brand new structure was introduced--that of matrices. 
They could be used to exemplify the group, a two-fold 
operational system of a ring, and--for particular sub- 
sets--a field. Here all the activities of composition of 
functions and solution of equations occur in a new setting. 
Matrices are immediately put to work in the solution of 
systems of equations, They shall be in continued use 
throughout all subsequent study. 

In Course I we studied figures in a plane and transfor- 
mations of the plane. In Course II metric geometry and 
perpendicularity were extended via transformation to a 
Study of congruence in the plane. Dilations permitted the 
study of similarity and led to the proof and use of the 
Pythagorean theorem. In Course II an initial chapter on 
logic and proof prepared the way for an introduction to 
axiomatic geometry via the affine plane. After this the 
study proceeded with a less than axiomatic introduction 
to both synthetic and coordinate solid geometry of both 
affine and Euclidean space. An introduction was given to 
the theory of measure--length, area, and volume. All the 
foregoing ideas built a foundation of the final chapter 
of Course III--an introduction to vector spaces, The 
study of Course III also returned to that of polynomials 
treated from a modern viewpoint. Again two-fold operation- 
al systems, rings, and fields, gave a structure to the 
Study. Here we found the topics of factoring, quadratic 
equations and graphs, all in a contemporary setting. The 
study was extended to rational functions and a new 'field' 
representation resulted. 

Probability was introduced in Course I by carrying out 
experiments and finding relative frequencies of occur- 
rences of Events. In Course TE the collection of data was 
used to develop the measures of central tendencies and 
dispersions as simple descriptive statistics. In Course 
TII, probability was extended into a more formal, set- 
theoretic presentation and related to combinatorics, This 
treatment united sets, operations, and algebraic theory 
in a brand new way of thinking. Finally, the study was 
extended to a new set of functions--the circular 
functions--in which all the previously studied geometry, 
arithmetic, and algebra were put to work. The law of 
Sines and law of cosines were developed and applied to 
triangle solution and the study ended with the wrapping 
function which assigns to every real number @ Sine and a 
cosine e 

In Course I, the language was precise and correct and the 
learning informal. In Course II, the language remained 
correct and precise, but the learning took on a more 
formal aspect and dealt with more abstract notions, In 
Course III the study became increasingly more mathematical 
and more structural all of which demanded increasing 
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mental concentration. This is the way all science learning 
proceeds. In Course IV the study becomes more unified and 

more applicable. 

Course IV is essentially a study of the elementary real 
functions--polynomials (especially the quadratic), 
sequences and series, exponential and logarithmic, trigo- 
nometric (circular) and probability, and transformations 
in vector spaces. The making of mathematical models and 
the applications of these functions is a worthwhile 
achievement in itself, but these functions also form a 
strong basis for the study of calculus in the following 
two courses, 

The course begins with the study of BASIC and its use in 
programming numerical problems for the electronic com- 
puter. It is used in subsequent study at every possible 
opportunity. The aim is not to produce programmers, but to 
enable the students to understand a computer language and 
how the computer interprets this language, as well as to 
appreciate the amount and speed with which otherwise 
large scale tedious computations can be accomplished in 
seconds. With the programming comes a deeper insight into 
the algorithms employed and why they work. 

Essentially this is a course on developing and using the 
function concept. All the previous study on mappings and 
operations on functions becomes organized into a single 
concept of a function unifying the separate ideas of 
domain, range, and a rule of assignment into a single 
entity. Thus the polynomial function, the exponential 
function, the trigonometric functions each become a 
unique concept envisaged by 

. m 
apa R, 

Sequences are functions on the positive integers, poly- 
nomials are functions of real numbers, exponents are 
functions of real numbers on the positive real numbers, 
logarithms are functions of Rt onto R, the sine function 
is a mapping of all real numbers onto the interval 
-l <0O< +1. Probability is a function of events onto 
real numbers between O and 1, and so on. 

While the development of the mathematical theory is fore- 
most, it is also important that its applicability to 
problems in science, business, technology and so on, 

become evident. Thus the course makes great use of mathe- 
matical modelling. At all times the content is related to 
all the previous study in Courses I, II and III, giving 
strength to the unity of the subject. 



PSYCHOLOGICAL CONSIDERATIONS 

During the last hundred years many psychological theories 
on learning have been hypothesized and tested. On how the 
mind comes to gather its information and how it manipu- 
lates this information to solve problems, there is very 
little agreement and much disagreement among the theories, 
Today there exists no single theory of learning on which 
to base a complete curriculum and its presentation. Yet 
in teaching we must adopt some theory on which to present 
our subject for its acquisition by the mind of the 
student. It would seem that an eclectic theory, gathering 
as best we can, from all the theories will give a 

promising and leeway solution for the classroom teacher. 

The students who will enter Course IV at the average 
chronological age of 15 years, have reached a mature 
level of intellectual activity and can be challenged with 
abstract reasoning. Thus the mathematical theory can take 
a self-contained viewpoint in which the elements are 
numbers of a specific category, or points of a specified 
space upon which functions and structures are built. 
Certainly these elements can be seen in practical situ- 
ations of a physical, biological, economical, or other 
nature, but the distinction between pure theory and its 
application to describe these other phenomena must take 
on the atmosphere of an approximate isomorphism, 

Behaviorism and neobehaviorism, with their ideas of 
seriated associations, feedbacks, and reinforcements, 

' begin to recede as a learning theory when we enter the 
higher forms of mental activity required in understanding 
mathematics, The learning of abstract concepts, the mani- 
pulation of ideas, and the ideation of logical conclu- 
sions from mental activity, are indeed difficult to 
explain. The learning of meaning, understanding, and 
interrelationship of concepts, all done internally with- 
in the brain with no recourse to anything but pane 
demands newer approaches to knowledge than that which is 
sensory and intuitive. This mental manipulation and 
interrelating of ideas, using guided learning (frequently 
called discovery), self-inquiry, an internal search for 
generalizations, and recognition of new mental structures, 
all demand dynamic intellectual activity, without which 
it is not possible to learn the subject. 

In this book, in increasing amount, it is this dynamic 
type of learning that takes precedence over the usual 
telling, passive acceptance, memorizing, and reciting-- 
so frequently allied with mathematics study in the past. 
Of course, description and memory cannot be ignored, 
Developmental research, discovery, provocative questions, 
and mental experiments are presented to the student for 
his consideration, This will enable the student to make 
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precise and clear that which at first is ambiguous and 
cloudy, and to formulate concepts and properties from 
which conclusions can be reached and then necessary 
skills developed for future use, 

A student is in a problematic situation when he is seeking 
an explanation or solution to the situation which is not 
immediately apparent. He has knowledge (information) and 
knows many procedures and is in the process of reorganiz- 
ing all he knows to find the answer. We say he is seeking 
a gestalt or complete picture, which will clarify the 
an to the discovery of what is unknown, When this is 
found, he has added new knowledge to his past accomplish- 
ments. It is this sort of approach to the solution of 
problems that demands dynamic intellectual action, which 
is indeed learning. Practically all the learning in 
Course IV demands this type of approach, and the teacher 
should encourage it at all times. 

MOTIVATION 

Motivation is always internal. It can be aroused by 
exterior physical situations or internal questioning, 
and when it exists there is a genuine interest and desire 
on the part of the student to inquire into the matter 
under consideration or investigation. For the college- 
intending student, a felt or imposed need to prepare 
himself for college acceptance usually provides 
sufficient desire to master the subject. However, the 
natural curiosity of 15-year-olds to understand, to 
explain, and to acquire new knowledge, especially that 
which can be used in other disciplines, or to explain 
the physical events in the world about them, is a strong 
motivational force. Interest is also provoked by using 
games, puzzling situations, and competitive challenges 
that demand the use of logical finesse. 

But at this age, the more adult actions of approval, 
mastery, Success, achievement, and individual indepen- 
dence are the main spurs to motivation. Nothing succeeds 
better than success. So the first approaches are with the 
simple idea of the subject. As the study continues, the 
notions become more abstract and more complex and the 
going becomes harder and more challenging. Here is where 
the truth must be told--that learning mathematics is hard 
mental work; it is not easy. In fact all worthwhile 
intellectual formation requires deep and concentrated 
mental activity, and the accomplishments are as satisfy- 
ing and rewarding as those in games of sport, or in 
musical or artistic performances. In fact; it 2s) the 
continuing growth of knowledge, in any area, that brings 
success and satisfaction to the individual. So all 
chapters contain a number of highly challenging problems 
the solution to which will oak the student a real sense 



Opessuishactwon. 

PEDAGOGICAL CONSIDERATIONS 

On the basis of the foregoing philosophical, curricular, 
and psychological considerations, certain pedagogical 
features have been built into the textbook. Some of these 
are listed here. 

The Student's Textbook 

The textbook is written for the student--not the teacher. 
The language and symbolism is precise and correct, but 
esoteric words and symbols are avoided, The development 
material is generally more lengthy than that in the usual 
textbook, but it is designed to aid the student in his 
Study. A few sentences, now and then, require several 
readings for full comprehension, but this is true of all 
good mathematical exposition and becomes more essential 
the higher one proceeds in mathematical study. For the 
most part, the student will find that the book is readable, 
one that he can study and interpret. The exercises are 
routine only when practice for skill is essential. More 
generally the exercises are thought-provoking and concept- 
building ones, and they form an integral part of the 
program of mathematical study. For these reasons, the 
reading and study of the explanatory sections and the 
working of some problems is a preclass preparation as 
well as a postclass verification. This procedure permits, 

-within the class period, a dynamic dialogue between 
students, and between the class and the teacher, wherein 

the clarification of uncertain and ambiguous ideas, as well 
as extensions beyond the textbook development, may take 
place. Students must learn how to read mathematics. 

Learning as a Cognitive Process 

As previously remarked, all learning of new mathematical 
ideas is acquired through problem-solving. By placing 
the student in a not-too-discomfiting condition of 
confusion, we activate his thinking--he is no longer a 
passive listener or dreamer. In an attempt to resolve the 
confusion, all of us frequently make wrong decisions and 
unintentional mistakes, which cause us to arrive at blocks 
to a solution or even false answers, But we learn by our 
mistakes, In these situations, we soon realize that we 
must try a new approach to the problem, Of course, to 
avoid frustration, utter failure, or succumbing to defeat, 
guiding questions or signposts must be presented to the 
student from time to time, to place his mental activity 
on a promising correct path. It is from such activity, 
with the goal satisfactorily attained, that a concept is 
formed, a mental construct is built, and the key or 
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solution to new knowledge attained. The final outcome is 
all the more precise because it is differentiated from 
that which it is not! Call it an experimental, discovery, 
gestalt approach to learning--or what you will--it is 
decidedly superior to mere behavioral associative learning. 
The type of thinking we urge should be a major goal of all 
education, not only mathematical, so that for the rest of 
their lives students can go on learning by their own 
efforts. It is learning how to learn, 

Developing Concepts and Skills 

A concept which a student has acquired, is shown by his 

mental reaction in situations where the concept is present. 
Important concepts should become permanent knowledge by 
retention (memory). Their application in specific skills 
must be perfected through practice. Retention, in 
Course IV, is provided for in two ways. First, by a spiral 
approach to learning, that is, returning periodically to 
each fundamental idea and pursuing it at a deeper level of 
understanding, necessitating the recall and application of 
all previously related notions, Secondly, by providing at 
regular intervals an extensive and intensive set of prob- 
lems and exercises. These exercises are both re-view and 
new-view in nature and involve the use of all past and 
recently studied topics. At the end of each chapter, there 
is a summary of all the important concepts and specific 
skills presented in it. Skill is also retained by using 
the computational and manipulative procedures in the 
presentation of new topics. 

The student may use the summaries to check the extent of 
his learning by attempting to give satisfactory explana- 
tions and/or illustrations of each item as he reads it, 
Each summary is followed by an evaluative review--a set 
of problems--by means of which the student can further 
check on his ability to recall, to apply, and to develop 
further the content of the chapter. These summaries and 
reviews serve also as examples of desired outcomes from 
which the teacher can frame his own test. 

Problem-solving, concept formation, developing skills, 
retention practice and evaluation are prime pedagogical 
elements built into the program of Course IV. 

The Teacher's Role 

Every teacher, sooner or later, develops a characteristic 
manner of conducting the classes under his instruction, 
At all times the teacher is master of his own class and 
this is the way it should be. For effective instruction, 
good teachers adjust the use of the textbook to their own 
style of teaching, but they also seek new ways of presen- 
ting special projects, motivating their students, 
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providing for individual differences in learning ability, 
and creating genuine interest in learning. The following 
Teachers' Commentary--chapter by chapter and section by 
section--has been written for the latter purposes, namely 
to help those teachers who are searching for new presen- 
tations and possibly better ways to carry on their 
profession. In particular, the commentaries aid the 
teacher in: 

1. Helping students to learn. As students study assigned 
developmental material, work through assigned experimen- 
tal tasks, and attempt the solution of problems, they may 
find the going difficult. The teacher must exercise a 
great deal of patience so as not to tell the answer or the 
key to the correct outcome, Students must learn that per- 
sistence, mental effort, and patience--all desirable 
human attributes--are needed to learn mathematics. When 
students are stumped, another approach, an alteration of 
the situation, or a simpler problem may help to clarify 
their thinking. The Commentary supplies some of these 
approaches, 

2. Motivating students. The students who ask "What is the 
use of this mathematics?" are mostly two kinds, the one 
showing @ genuine interest in applied mathematics, the 
other showing difficulty in learning the subject. For the 
first type of student, the teacher should collect a set of 
uses of each topic in the curriculum. The Teachers! Com- 
mentary will supply some uses. For the second type of 
student we must recognize that trouble and frustration 

“frequently destroy motivation. Here the teacher must be 
prepared to give the student individual and special help 
until the pupil has overcome his difficulty. Once the 
student sees "how" and can "do," he seldom raises the 
covering-up excuse of "What is the use?" A more concrete 
illustration, one in which the student has perhaps some 
experience, may help clarify an otherwise straightforward 
but hard mathematical development. Both sympathy and 
empathy help to get a student out of apathy and back to 
intellectual activity. The Commentary supplies motivation 
activities other than those in the textbook itself, 

3. Meeting individual differences. Even a class of all 
bright students eventually reflects individual differen- 
ces in interest and in mathematical ability. There are 
simple and complex approaches to learning mathematics, as 
well as sensory (concrete) and abstract, shallow and deep, 
intuitive, plausible, and formal axiomatic approaches, 

Depending on the ability of the student, all approaches 
appear to be hard at some time or other. Learning usually 
proceeds from @ motor-sensory, intuitive, informal, 
logical manner at adult level. There is a "surface-to- 
depth" understanding in the development of almost all 
mathematical ideas; for example, set, number, algebra, 
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point, geometry, space, operations, function, and so on, 

are both relatively simple and yet mathematically very 
deep. There should be examples and problems for the 
student of lesser ability, who can only wade or float, as 
well as for the gifted expert who is a deep-sea diver in 
mathematical thought. The Commentary indicates the type 
of problems and questions that can be assigned to the 
average, good, and highly capable students so as to main- 
tain a balance of interest in and time spent on the study. 

4, Using the textbook judiciously. Many mathematics 
teachers fail to give reading and study assignments in 
the textbook, using it only as a supply of exercises and 
problems for class and homework. This, in a sense, denies 

the student the acquisition of one of the major benefits 
of school education, namely, learning how to get informa- 
tion from the printed page--to learn how to learn, To 
read exposition, to raise questions about the exposition, 
to know what he understands and what needs further clari- 
fication, and then to carry on reasoned discourse or 
dialogue with one who knows, are strong means to intellec- 
tual growth. The Commentary shows teachers how to make 
expert use of the textbook, 

5. Evaluation. At all times the teacher and the student 
are concerned as to the amount and quality of learning 
that is taking place. In school learning, the evaluation 
of primary importance to the learner is "Do I know it?" 
or "Can I do it?" He is concerned with his own advance- 
ment. For the teacher, "How well is my class meeting the 
goals and standards I have set?" or "What must be re- 
taught?" All tests that are administered should be looked 
upon as "opportunities" to discover how well the education 
program is succeeding; that is--what is good achievement, 
what is low achievement and how do we improve the achieve- 
ment? Evaluation of this kind is provided in the problems 
and exercices, where students can quicly discover what 
they know and do not know. The summaries, if properly 
used, form further evidence of the learning that has been 
acquired. At the end of each chapter there is a "review" 
which can serve as a chapter test or evaluation for 
students, before they take a teacher-designed test for 
the chapter. In Part 3 of the Commentary, sample test 
items are given as a suggestion to the teacher of what 
the authors feel is a comprehensive check on the goals 
to be achieved. These can also serve as a guide to 
teachers to make their own tests. 

6. Goals of mathematical education. Many goals or targets 
that are to be attained in mathematics instruction have 
been stated over the past 75 years, They are both general 
and specific in nature and run from a few to several 
hundred stated objectives. When teaching a specific topic, 
it is fairly easy to state the particular kind of mental 
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operations that one can expect as outcomes of the study. 
This is done in Teachers' Commentaries. However, at all 

times the teacher should keep in view the general objec- 
tives of the study of secondary-school mathematics. We 
state only three fundamental objectives that our program 
attempts to meet. They are: (1) Intellectual formation, 
(2) Knowledge or information, (3) Application. All of 
these are culture aims of present-day society. 

By intellectual formation is meant the development of 
mathematical thought. The nature of mathematics, its 
fundamental concepts and structures, its use of logic in 
methods of demonstration, its mode of thinking about 

numerical, spatial, and abstract entities is a unique 
mental function that all persons should come to know. By 
information is meant that mathematical knowledge (concepts 
and skills) developed in mathematical study, which tradi- 
tion has created and present-day and future society will 
need to know for everyday professional and cultural 
activities. By application we mean the way mathematical 
thought and knowledge are applied in the other disci- 
plines--the use of mathematics for explanation. 

In general, the Commentary gives help and clarification on 
some or all of the following categories of teaching: 

Purposes. The goals or targets that students should aim 
to attain by the study of a topic, section, or a chapter. 

The possible length of study time required for each 
section and each chapter, 

Materials. A list of media, other than those found in 
regular classrooms, which can be of value in developing 
the topic under study. The use of multi-media in teaching, 
such as overhead projector, physical apparatus, colored 
crayons, etc. 

Getting started. Ways, other than those in the textbook, 
are suggested for opening the class lesson, so as to gain 
immediate attention, interest, enthusiasm, and total 

mental involvement. Other ways of presenting a new topic 

are described. 

Using the textbook. What to assign as reasonable out-of- 
class study and problem work, ways to use the book in 
the classroom to teach "how to read" and “how to study" 
mathematics and the use of the textbook as a reference 
volume are given. Indeed, in most cases, the textbook 

tends to become the curriculum and the authority on the 
mathematics to be learned. How to challenge a textbook is 
a good learning device, 

Other activities. Other games to play or other situations 
to pose than those given in the textbook for developing 
mathematical ideas are presented. Other approaches in the 
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development of the main content of each chapter and other 
applications than those in the exercises in the book also 
appear, 

Possible assignments. Some teachers like to have all 
students do all the exercises and problems in the book. 
Of course, it is not necessary to do this, nor is there 
sufficient time for this in a school year while at the 
same time being able to cover -- well -- all the material 
in the textbook, Important exercises, as a basis for the 
subsequent development of new topics, must be assigned to 
all students. They are listed in the Teachers' Commen- 
tary. Also, reasonable assignments for outside-of-class 
working time are suggested for average, good, and 
excellent students. 

ENTERING THE PROGRAM AT COURSE IV 

All students who have completed Courses I, II and III, or 
the equivalent, are ready to pursue the work of Course IV. 
However, students who have followed a regular junior high 
school program which culminates with a year of algebra 
would have great difficulty with the program, For these 
pupils it would be advisable to pursue special topics 
from the Unified Mathematics Courses II and III, as a one 
year preparation for the Course IV. These students could 
enter Course IV in the eleventh school year and then 
continue into Course V in the twelfth year. This will give 
adequate preparation to enter a first year university 
course in analysis. 

It is essential in future planning that good students 
enter the study of Unified Mathematics at the beginning 
of grade seven. For other students intending to continue 
university study, the SSMCIS program can begin in grade 8 
and continue through Course V in grade 12. Students who 
transfer from a traditional program in grades 7 and 8 may 
begin with Course II, with certain topics from Course I 
included, and then continue through Course V. In either 
of the two cases, students will be able to enter any 
university course in analysis without encountering any 
difficulties, 
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PROLOGUE 

COMPUTER PROGRAMMING IN BASIC 

High speed electronic computing machinery is already a 
well established tool in mathematical problem solving; 
availability in science, business, and industrial uses 
can only expand during the productive lifetime of current 
secondary school students. Thus the authors believe it is 
essential for mathematically educated students to under- 
stand the power, limitations, and “software level" of 
operation of computers: This alone is sufficient rationale 
for priority placement of computer programming instruction 
in this fourth course of Unified Mathematics. 

However, computer capabilities influence curriculum and 
instruction in mathematics in more fundamental ways. When 
computational drudgery can be taken over by a machine, 
the range and complexity of problems within the grasp of 
learners expands greatly. Furthermore, the theoretical 
tools developed to handle specific types of problems can 
often be simplified if computational tedium is not a con- 
Sideration. The algorithmic analysis involved in prepara- 
tion of a problem for computer solution is a proven aide 
to learning and understanding of mathematical ideas and 
processes, 

One goal of this Prologue is to teach students to write 
‘ computer programs in the BASIC language. But this skill 
is viewed as only a preliminary step toward enlisting the 
power of computing equipment in mathematical problem 
solving. The BASIC language was chosen because it is easy 
to learn and uniquely suited to mathematical problem 
solving in a time-sharing interactive mode, which we 
believe is optimal for learning about computers and about 
mathematics, The illustrative examples throughout the text 
are chosen from concepts of preceding Unified Mathematics 
courses, though many will be known by students from more 
traditional backgrounds. Further computing activities 
appear in central roles in almost every other chapter of 
this course, 

In most students' first exposure to computers there seem 
to be two types of barriers: First is learning the 
technical rules for working with your particular machine 
or time-sharing system. This includes signing on and off, 
using the teletype keyboard, and getting a feel for the 
pace at which things work (Some students get the impres- 
sion that they must type in responses as quickly as the 
computer presents its output!). The second stage is per- 
forming the careful flow-chart and program analysis to 

13 



solve a problem. In our experience it is a good idea to 
have students begin work with the computer by using a 
"canned" routine such as a game, quiz, or tutorial program 
with interaction. This stimulates interest by getting 
immediately in contact with the live machine, and it 
illustrates the procedural details that will have to 
accompany later programming efforts. 

As you move into the programming activity, keep in mind 
the fact that this chapter is not a complete manual of 
BASIC. It would be a good idea to have several copies of 
such manuals available in the classroom for reference on 
fine points or unique features of your system's version. 
Furthermore, it is not essential to cover the entire 
chapter before moving into the body of Course IV. The 
first 5 sections provide the essential ideas for sub- 
sequent use in this course. Work with function plotting 
and matrix algebra can be studied when need arises at 
specific places, 

Since debugging is an activity that will be required as 
soon as students begin writing and running their own pro- 
grams, section 0.4 can be taken up at any time it seems 
appropriate. In fact, it can be used as a reference for 
Students when they encounter difficulties--not formally 
taught at all. 

SUGGESTED TIME SCHEDULE 

0.0 Computing and Mathematics 1 day 
.-l Problem/Flow Diagram/Program 2 days 
.2 Input/Process/Output 2 days 
-> Decisions and Loops 
.4 Debugging 4 days 
-5 Computation with Functions 2 days 
.6 Graphs of Functions 1 day 
-( Dimension, Subscripts, Matrices 2 days 

Summary and Review Exercises 1 day 

TOTAL 15 days 

0.0 COMPUTING AND MATHEMATICS 

The purpose of this introductory section is to identify 
ways in which computers can assist mathematical problem 
solving and to describe the two tasks of using computers 
as an aide--problem analysis and programming in a suit- 
able language. This same goal can be accomplished in a 
variety of ways--including class discussion sharing 
student knowledge or impressions about computers. It 
might be a good idea to get students immediately on line 
with a game, quiz, or tutorial program; let them read the 
text on their own and come to class the next day ready to 
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begin tackling the task of writing their own programs to 
solve problems. 

0.1 PROBLEM/FLOW DIAGRAM/PROGRAM 

Purpose 

This section should give an example of several fundamen- 
tal processes in programming--algorithm analysis, compu- 
tation and decision making, and the grammar of BASIC. 
The authors have consciously chosen a non-trivial problem, 
realizing that students won't have a thorough understan- 
ding of all the principles and techniques involved. We 
hope to whet their appetite with a moderately impressive 
demonstration of the computer's power to perform repeated 
applications of an algebraic procedure. Then the balance 
of the section is to introduce the special, but very 
mathematical, grammar of BASIC. 

Getting Started 

Recall with students the Newton method of approximating 
Square roots and then pose the problem to write directions 
for someone who knew only the four basic arithmetic opera- 
tions. Let them work on this for a time and pool their 
ideas for a rudimentary flow chart. Then show them how to 
convert their flow chart into an acceptable BASIC program 
explaining briefly each step of the program--without 
worrying about their memorization of instructions at this 
time. Then run the program on your computer or using your 
‘teletype. Pay particular attention to the somewhat unusual 
form of LET statements; they are not equations, but indi- 
cated substitutions. 

Using the Text 

Have students read over the BASIC grammar rules and flow 
chart symbols. Then do some of the exercises from 1 and 2 
opel, alvoy ileysrsi- 

Other Activities 

The modified square root program in Exercise 6 makes the 
convergence of approximations much clearer by printing out 
each approximation. Let various students try their own 
hand at the teletype with their own choice of numbers A 
and X. 

Possible Assignments 

Exercises 1-4 and 7-10 are basic and routine. All should 
be done. Assign the flow chart problems 11-15 to different 
students or teams of students. 

15 



0.2 INPUT/PROCESS /OUTPUT 

Purpose 

This section explains in detail the BASIC instructions 

used to read data to the computer and to print the results 

of computation. After a one day introduction here, students 
will probably want to refer back to this section and to 
more elaborate manuals as they refine their techniques for 

printing out results. 

Getting Started 

To emphasize the importance of suitable labelling of 
results and program components, show the students un- 
labelled printout from the area and perimeter program 
in the text and ask if anyone can guess what the numbers 
mean? Then show them the program; it might still be un- 
clear what is being accomplished. Explain the use of REM 
and PRINT " " statements. Then demonstrate on the 
teletype the full program with both INPUT and READ/DATA 
styles of data read in. 

Using the Text 

Mention and have students read the remarks about variables 
in BASIC. This text section is then probably best used as 
a reference as students try to write programs and find 
need of techniques for data input and output. 

Other Activities 

In keeping with the idea of having students spend as much 
time as possible writing and running their own programs, 
have them work on Exercises 2-11 as class exercises, 
running trial programs as soon as they are ready. Be sure 
to emphasize that there are many correct programs possible 
in each problem. 

You might want to emphasize that a semi-colon placed 
between parts of a PRINT statement packs the output 
closer together. Also, if one wishes to abort a program 

run when INPUT has called for data with a question mark, 
simply type STOP (check your particular system). 

Possible Assignments 

Basic assignments should include 1, several from 2-11, 
and several from 12-20. It is not necessary to have each 
student do each problem. 

16 



0.3 DECISIONS AND LOOPS 

Purpose 

This section explains and illustrates the fundamental 
power of stored program computation--looping through a 
single set of computations many times until some decision 
criterion has been achieved. There are two basic ways to 
set up these loops--both are explained in this section. 

Getting Started 

To give students practice at the hand simulation method 
of debugging, have them read and work through several 
trial cases of the decision programs in Examples 1-3. Then 
run Example 3; the answer is very interesting. 

Using the Text 

It probably is better to avoid both types of loops in the 
first day of the section study. Hold the FOR/NEXT state- 
ments until the second day at least, selecting exercises 
(see below) that avoid it at first. 

Other Activities 

Take the programs of Examples 1-4 and have students write 
out flow charts diagramming the process embodied in each 
program. This will point out the looping involved and the 
routing effect of decisions. 

Possible Assignments 

On Day 1, assign 3, and several of 9-15. You might want 
to amplify the latter problems by asking for a flow chart 
too. Though the FOR/NEXT instruction pair is extremely 
powerful, it is probably a good idea for students to be 
able to write toops without it. 

On the succeeding days introduce the FOR/NEXT technique 
and give students plenty of time to design, write, test 
and refine a variety of programs. You might want to blend 
instruction of Section 0.4 with this section. This section 
is the heart of the chapter and worth thorough study. 

0.4 DEBUGGING AND ROUNDOFF 

Purpose 

It is a rare programmer who can write an error free pro- 
gram that correctly solves the problem at hand on the 
first try. This section suggests and illustrates basic 
techniques for coping with the puzzling state of affairs 
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when a routine the programmer thought was correct doesn't 
seem to be performing. It also points out the limitation 
of machine accuracy by finite decimal representation. 

Getting Started 

It is entirely possible that students will have encoun- 
tered the error messages, exponential notation, and need 
for debugging before arriving at this section. At such 
times, refer students to read this section. Then some- 
time during the study of the chapter take some time to 
pull together the points of the section--particularly 
the exponential notation and roundoff which will be 

considered again in the chapter on exponential functions. 

Using the Text 

As suggested, use this text section as a reference, 

Possible Assignments 

Exercises 1-20 are good illustrations of algebraic and 
arithmetic facts. 

0.5 COMPUTATION WITH FUNCTIONS 

Purpose 

To introduce the very useful supply of mathematical 
functions available in BASIC and the technique for 
defining functions of one's choosing. 

Getting Started 

This section is easy going and students can probably read 
it and begin working on Exercises without much formal 
instruction, 

Other Activities 

Work through the programming activities of several 
exercises--perhaps 1 and 16, 

Possible Assignments 

The exercises of this section are grouped to accomplish 
review of mathematical ideas from other courses as well 
as to show how the computer can be used to explore con- 
jectures., So that students actually do the programming 
and run their efforts, spend several days. Problems 1-9 
on the first day; 10, 12, 13 on the next day; then 
several from 15-21 and 22-27 on the third day. 
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0.6 GRAPHS OF FUNCTIONS (OPTIONAL) 

Purpose 

To explain the rather crude BASIC method of plotting 
functions, but more important to demonstrate the strategy 
for planning a graph plot by domain and range estimates. 
Description and practice in rounding too. 

The function plotting program skeleton will be used in 
succeeding chapters, but can be passed over here without 
serious prejudice to later efforts. 

Getting Started 

The key activities in using the graphing program are 
planning domain and range. Give the class a list of simple 
Pimciionskasuch: as ye=. (exer yl=n2xe = 2, y=! (xe) as 
y = -.1x and the direction to determine a sensible domain 
for graphing the functions and an estimate of the range 
for the chosen domains. Then pose the problem of deciding 
the value of each y-axis interval if there can be a 
maximum of 50 in the plot of the various functions. 

When students have suggested reasonable parameters for 
the graphing activity, call up the skeleton function 
graphing program that you have stored in advance of the 
class. Plug in one of the sample functions (line 10 in 
text) and the DATA (lines 30 and 50 in text); then run 
the program. Vary the function and DATA parameters for 

_ another plot. 

Using the Text 

It is probably not important for students to digest or 
remember the total design of the graphing program 
skeleton. Interested students can read the text where one 
example is worked through in detail. 

Other Activities 

Have some students work on a program to print out a 
table of values for the above functions, using hand 

plotting to sketch graphs on coordinate paper. 

Possible Assignments 

The exercises are in two parts. The first 11 give practice 
in rounding off of decimals, Those in 25-32 give more 
practice in preparing the function for computer plotting- 
-using estimation of domain and range--an important con- 
ceptual skill. Assign several from each part. 
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0.7 DIMENSION, SUBSCRIPTS, MATRICES 

Purpose 

To demonstrate the BASIC techniques for handling matrix 
data and operations and in the process to review linear 
algebra concepts from Course III. 

Getting Started 

Before setting students to work on programming with 
matrices, review some of the uses and language of matrices 
from Course III. In particular, the a; notation for the 
entry in row i and column j of matrix K and the definition 
of matrix multiplication and its use in translating a 
system of linear equations to a matrix equation. 

Using the Text 

Have students read the first example, program a similar 

example on their own, and read over the list of matrix 

instructions. Then have them try Exercise 1 in text. 

Example 2 uses matrix notation in a slightly different 
way--double loops for averaging rows and columns--and 
can be the main topic of the next class meeting. 

Other Activities 

You will probably want to point out that singly sub- 
scripted variables can be created the same as matrices-- 
using DIM A (100) for example to prepare space for a 
maximum Of 84], @5, ..2s 8100» though not all 100 need be 
used. This indexing of variables is often very useful in 
problems where numbers must be stored and called on 
later in the program--particularly in search of primes. 

Possible Assignments 

Day 1 could include 1-5 and some parts of 7. On Day 2 
try 6, 9, 10, 12 with others for extra credit explorations. 
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CHAPTER 1 

SEQUENCES AND SERIES 

This chapter introduces sequences as functions (with 
domain Z*) and thus builds upon the already extensive 
work with the function concept in the first three courses 
of this series. Following as it does the prologue's intro- 
duction of BASIC language, the chapter also serves to re- 
inforce and maintain the elementary programming skills 
developed there, since the iterative nature of sequences 

lends itself well to programming problems. Note, however, 
that classes that have not studied the BASIC material in 
the prologue will not be handicapped in their study of 
this chapter--or for that matter any subsequent ones, 

Sequences and series are important in applications both 
within and without mathematics itself, and they play a 
vital role in analysis. Since calculus is to be intro- 
duced in the fifth (next) year of this program, it is not 
too early for students to acquire some of the fundamental 
language and concepts of sequences. In this connection 
also the chapter includes an informal treatment of limit 
(specifically, limit of a sequence). Some more immediate 
applications are found in such topics as that of compound 
interest, although a fuller treatment is postponed until 

_Chapter 5 when the logarithmic functions are available. 
' Finally, the concept of proof is extended in the chapter 
by an introduction to mathematical induction. Induction 
is then used to prove some of the theorems, and of course 

it will be used even more frequently in later work. 

In terms of behavioral outcomes, students should upon 
completing the chapter be able to: 

1) Define a sequence, 
Given a "function rule" for an, determine any specified 
term of the sequence, 

i} Define a geometric sequence, 
Use the definition of geometric sequence to derive the 
formula for the nt) term of such a sequence. 

5) Determine any specified term of a geometric sequence 
given: 
sy two terms of the sequence 
b) one term and the common ratio, 

6) Use mathematical akc Ge ty ll prove a theorem such as 
Me eee eS eee Say cto eee L 

2 
7) Use the appropriate formula to find the sum of any 

specified number of terms in a geometric sequence, 
8) Define an arithmetic sequence. 
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9) Use the definition of arithmetic sequence to derive 
the formula for the n term of such a sequence, 

10) Determine any specified term of an arithmetic sequence 
given: 
“| two terms of the sequence 
b) one term and the common difference. 

11) Use the appropriate formula to find the sum of any 
specified number of terms of an arithmetic sequence. 

=) Derive the series associated with any given sequence, 
13) Determine whether a geometric sequence--and other 

simple kinds of sequences--is convergent, and in 
case it is, determine the limit of the sequence, 

SUGGESTED TIME SCHEDULE 

1.1 Sequences: Functions that Order days 2 
1.2 Geometric Sequences 2 days 
1.3 Mathematical Induction 2 days 
1.4 Adding Terms: A Formula for sy 2 days 
1.5 Arithmetic Sequences 2 days 
1.6 Series 2 days 
1.7 Summary (and Review) 1 day 

Testing 1 day 

TOTAL 14 days 

1.1 SEQUENCES: FUNCTIONS THAT ORDER 

Purpose 

To develop an understanding of the definition of sequence 
as a function. 

Getting Started 

Let the class read and discuss the three "boxed" examples 
(which are intended as motivation). The discussion can be 
as brief or as lengthy as class interest and productivity 
warrant, and here are some of the directions it might 
take: 

Motivational Problem 1. From the preceding chapter 
Students should have no difficulty identifying the output 
of this program, (Classes that have not done the prologue 
chapter may omit this problem, or you might explain it 
briefly.) Ask if the output of the program is a function, 
a cue for the definition of sequence. (Definition 1.) 

Motivational Problem 2, Most students will be intrigued 
with the Zeno paradox and the fact that you get "closer 
and closer" to point B without ever getting there. (See 
related activity under "Other Activities" below.) You 
might elicit the infinite sequence 

1 las ak 
99°? B? eee 
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as a more formal way of saying "there is always some 
distance left to be covered." This sequence will be 
examined carefully later in the chapter. 

Motivational Problem 3. This example may be related to the 
formula from physics, s = 4gt? (g approximately 32), where 
S is the total distance fallen after t seconds. Thus, 

Lovet S mcO;" lowes e 
is a sequence in which apy is the distance fallen during 
the nth second. Furthermore, 

LG, wots Lie Bob G eye. 
is a sequence (the series associated with the sequence 
above) in which a, is the total distance fallen at the 
end of n seconds. 

Using the Text 

The definition of sequence follows quite naturally from 
the output of the BASIC p.ogram., Use the DISCUSSION 
QUESTION to see if the class understands the definition. 
(In this question, the "list".9, 36, 81, 144,225 may or 
may not be @ sequence, depending upon the domain. This 
illustration emphasizes that a sequence is not "just a 
14st. but ts a function.) 

You may also wish to discuss other examples in the text. 
In particular, Example 3 deals with the important notion 
of a real number as an infinite sequence, a notion Course 
I touched upon when discussing infinite decimals. (As an 
additional example of this kind, the infinite sequence 

Digs ee Ie he Os el OOO eater 
is associated with the number 2.) Finally, Example 4 
makes the point that the range elements of a sequence may 
be taken from any set at all. Another familiar illustra- 
tion is that of a class of 25 students, with each student 

assigned a number from 1 to 25; then the people in the 
class form a sequence, since each person is the image of 
some number between 1 and 25, and the "ordering" charac- 
teristic of a sequence is apparent. 

Other Activities 

1. Students are often interested in trying to "guess the 
rule" for a sequence, a kind of question frequently 
included in "mental ability" tests of various kinds. 
Thus, gCiventes, 5,90; 1 /50.6.5, what is the nextinumber 
after 17? (One answer is 26, with a, = n? + 1.) Some 
questions of this sort are in the exercises, but you 
may wish to capitalize on their motivational value at 
the beginning of the lesson, 

2. Try this companion problem with Motivational Problem 2, 
Draw another segment CD, the same length as segment AB. 
Suppose one person moves from A toward B in the manner 
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described before, half the distance, then half the re- 
maining distance, etc. Students should quickly agree 
that B is a "limit point." Now suppose a second person 
starts at C. After each move of the first person, the 
second one flips a coin. If it lands heads, he moves 
the same distance the first person has just moved; if 
it lands tails, he stays where he is. Is there a 
"limit point" in this case? (The answer is "yes" since 
you can form a sequence, with each term the total 
distance covered after n moves, Clearly the length CD 
is an upper bound, and so there is a least upper bound.) 

Possible Assignments 

Exercises 1 through 13, 16 through 18, and 22 constitute 
a minimal assignment. (Exercise 15 should be discussed 
with the class, preferably before they work the exercises 
following it.) 

Exercises 21, 23, and 24 deal with Fibonacci sequences, 

and their assignment is recommended. 

Exercises 19, 20, and 22 are the more difficult exercises 

in this set. 

Assign Exercise 25 to students who like puzzle problems, 
To get the most out of it, you might "perform" beforehand: 
Thus, if a student starts his sequence with 3, 7, ... then 
the termsjaress,= (57105 WL ee ioe ee er, 5 1867. 300s 
While he is just starting to add the ten terms you can 
announce the sum as 781 (11 x 71). 

1.2 GEOMETRIC SEQUENCES 

Purpose 

To develop an understanding of geometric sequences and an 
intuitive understanding of limit of an infinite sequence. 

Getting Started 

Discuss the five sequences displayed at the beginning of 
the text section. Ask students to detect a common property 
of these sequences, and to list some other sequences 

having this property. This activity should serve to intro- 
duce Definition 2 (geometric sequence) in the text. 

Using the Text 

Take time to discuss Example 2 with the class, making 
sure that they understand how interest is compounded and 
how geometric sequences are involved in the computation. 
In general, if principal P is invested at r%@ compounded 
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t times per year, then the total amount at the end of n 
paying periods is P(1 + £)". In the example in the text, 
P is 1000, r is .O4, t is 2 (compounded semi-annually), 
and n is 8, Additional work with compound interest will 
be done in Chapter 5. 

Figures 2.1 and 2.2 and the accompanying discussion deal 
with the concept of limit of a sequence, but in a very 
informal way. You may wish to extend the discussion some- 
what by issuing "challenges" to the class. Thus in the 
sequence (sr=1 how far in the sequence one would have to 
go so that™all remaining terms are less than .0001? 
-00001? .O000001? etc. This sort of activity is related to 
the second boxed example at the beginning of the chapter, 
and you may wish to reintroduce it in conjunction with 
Exercise 25, (The sequence in this instance is not geo- 
metric, and students should understand at the outset that 
it is not only geometric sequences that may converge. ) 

Possible Assignments 

Exercises 1 through 10, 16 through 24, and 27 and 28 con- 
stitute a minimal assignment. 

Exercises 11 through 15 deal with the geometric mean (as 
opposed to the arithmetic mean), and assignment is recom- 

mended. 

Exercises 25 and 26 continue the exploratory treatment of 
limit, and number 26 should encourage creative output on 

-the part of more capable students. 

1.3 MATHEMATICAL INDUCTION 

Purpose 

To extend the student's concept of proof by adding the 
method of induction to his proof-making strategies. 

Getting Started 

It is important that students understand mathematical 
induction to be a method of deductive proof. (In this 
sense the label "induction" is unfortunate since it 
falsely suggests "inductive" as opposed to "deductive" 
conclusions.) To this end, start by using the two 
examples at the beginning of the section. 

1. "For every n € W, n? - n + 41 is a prime number." 
Note that this is a statement and hence is either true 
or false, Which? One counterexample is enough to show 
it false, and the text does this. Emphasize however 
that it "works" forty times before you find the counter- 
example. Thus, even if one tests a statement--and it 
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"“works"--one million times or more, there is no assur- 
ance that it will work the next time. 

+ 

2, "The sum of the first n whole numbers is Bena where 
n is any positive integer." 

Is this statement true? Is it false? How to decide 
(without a perhaps futile search for a counterexample) 
is the subject of this lesson. 

Using the Text 

Before discussing the proof of 

The sum of the first n whole numbers is Geo 

try a few specific cases. Such trials do not of course 
represent a way to prove the statement, but they help to 
make the meaning of the statement (and the nature of the 
problem) clear and to introduce the usual notation. Thus, 
the text's example: 

L+24+3+4+4+5+6 

is the s of the first 6 whole numbers, and this is the 
same as O(6.+ . Discuss with the class the fact that 
the sum above is often written as 

Lote eet 3 tee watt Oo 5(6e1) B) e 

Then ask the class to consider other examples such as 
L1+2+3+... +8 and 
ee ee Ge ao Gace oe ele 

But remind them once again that verification of these 
special instances does not provide a proof--and so back 
to the search for this proof. 

Discuss the two "guarantees" in conjunction with the 
"infinite ladder" of Figure 1.10. (You may also wish to 
invoke the analogy of an infinite chain of dominoes set 
so that when one falls it knocks over the next in line, 
etc.) Once the nature of the guarantees seems clear, pro- 
ceed through the proof in the text, discussing each step 
with the class. Follow this with a careful discussion of 
the proof of 2+4+6+ ... + 2n=n(n +1). 

(Note: Mathematical induction has the reputation of 
a difficult topic. The method is actually an assump- 
tion--one of Peano's postulates characterizing the 
positive integers--and so all we can do is try to 
make it seem reasonable, The discussion in the text 
is designed to help with this pursuit, but in addition 
it may be advisable to work through a few of the proofs 
in the exercises before the class starts its assign- 
ment. ) 
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Other Activities 

1. As an introduction to Exercise 4 you may wish to 
challenge the class to add the first one hundred 
positive integers, telling them that you can do it in 
a& matter of seconds--and without pencil and paper. Then 
show them the "secret": 

1 + o + 3+... + 98+ 99 + 100 <— desired sum S 

100 + 99 + 98 +... + 4 2 + 1 <— desired sum S 
Lol a3 Tol + 101i + ... * LO1 + LOL + LOL, — twice de- 

160 times rit sired sum S 

Thus, 2S = 100(101) = 10100, and S = 5050. 
This method, attributed to Gauss, may be used of course 

to find any similar sum. Ask students to "invent" other 
kinds of sums where this technique can be used. 

2. A physical model of the Tower of Hanoi will add interest 
to Exercise 13. These are available commercially, but 
can be constructed in the classroom, 

Possible Assignments 

Exercises 1 through 8 and 10 through 11 should be 
assigned, since there is probably no way to learn induc- 
tion except by pushing through some proofs. Exercise 12 
also should be assigned, because it points up the impor- 
tance and nature of the two parts of an induction proof, 
_Exercise 9 is optional but profitable. Exercises 13 and 

' 14 also are optional but are highly recommended as a way 
to enliven a lesson that may seem oppressively difficult 
to some students. 

1.4 ADDING TERMS -- A FORMULA FOR Sy 

Purpose 

To develop ability to find the sum of a specified number 
of terms of a geometric sequence, 

Getting Started 

Reintroduce the example from Section 0.3, reprinted at 
the beginning of this section. The answer to the question 
is printed and there should be some curiosity about where 
the formula came from and why it works. You may also at 
this time want to broach the two "options" in Exercise 16, 
There also the answer derives from adding a specified 
number of terms in a sequence, and this section develops 
a method for direct computation of such a sum, 
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Using the Text 

The introductory activities discussed above set the stage 
for Theorem 1.1 in which the desired formula is found. 
Example 1 precedes the proof simply to make clear the 
meaning of the theorem, 

Next discuss the inductive proof of the theorem with the 
class, and note that it is one illustration of the power 
of mathematical induction in proving theorems concerning 
the positive integers. 

Also, develop with the class the fact that 

ligase! ai ome 
CMG peer poy Mes (onl pare 

and so either "form" may be used to find s,, for a geo- 
metric sequence, The form on the right is likely to be 
more convenient when r > l. 

Other Activities 

Consider a geometric sequence such as 

and manufacture a new sequence by finding "partial sums" 
S,, S,, Sz, .-- . Thus, for the sequence above, the new 
séquefice would be 

Boer iet tied bri MoM eae 

This kind of exercise not only provides some drill for 
the present lesson, but also introduces the concept of 
series, which Section 1.6 discusses in more detail. 

Possible Assignments 

All eighteen exercises are recommended. Exercise 11 
returns to the limit concept. Exercise 17 is somewhat 
recreational, Exercise 18 deals with a BASIC program, 
and Exercises 13 and 15 are more difficult than the 
others. 

1.5 ARITHMETIC SEQUENCES 

Purpose 

To develop ability to determine any specified term and 
the sum of any specified number of terms of an arithmetic 
sequence, 
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Getting Started 

Ask the class to study the two BASIC programs printed at 
the beginning of the section, and to note the difference 
between them. This should be easy to do and should quickly 
elicit Definition 1.3 (arithmetic sequence) because of 
the similarity to that of geometric sequence. Then consider 
the DISCUSSION QUESTION in the text to be sure that the 

new definition is clear, 

Using the Text 

The examples in the text are easy to understand, and 
students should have no difficulty with them, You may 
wish to discuss with the class the proof of Theorem 1.2, 
and to ask for a verbalization: The sum of the first 
n terms of an arithmetic sequence is } times the sum of 
the first and nth terms. (The role of verbalization in 
retention and transfer continues to be a major unresolved 
issue in mathematics education.) Note that Exercise 13 
calls for an inductive proof of this same theorem; it may 
be discussed (or assigned) at the time the text proof is 
first discussed. 

Call attention to the fact that the arithmetic mean 
(defined for an arithmetic sequence just as the geometric 
mean is for a geometric sequence) is the common "average" 
with which most students are familiar, 

Other Activities 

1. The text notes that the formula 

14+2+3 +... +n= F(n +1) 
(proved in Section 1.3) is but a special case of the 
sum of the first n terms of an arithmetic sequence, 
specifically the Sequence 1, 2, 3, ..., where d= 1, 
In Section 1.3, Exercise 4 suggests an alternate 
method for proving this special theorem, and you might 
ask the class to adapt this method to arithmetic 
sequences in general, The adaptation should look some- 
thing like this: 

8, = By + (a, +d) + (a, +24) ted a (a,-4) ro 

Ss = a + (a,,-d) + (a,,-2d) Plies (a, +4) + ay 

2(s_) = (a, +a, ) + (a, +a, ) + (a, +a,,) te pac (ata, )+(a, ta, ) 

n addends 

Sp, 2(6)) = n(a, +a_), and 8. = 5(a4 + an). 
n n 2 

Zu 



2. While the text speaks only of the arithmetic and the 
geometric mean, it is quite proper to speak of any 
number of means between two specified numbers. For 
example, the three arithmetic means between 2 and 15 
are the numbers x, y, x such that 2,x,y,z,15 is an 
arithmetic sequence. (Solution: 4a = 15 - 2 = 13. So 
d = 34. Therefore, x = 54, y = 84, z = 113.). 

The two geometric means between 1 and 27 are the two 
numbers x,y such that 1,x,y,27 is a geometric sequence. 
(Solution: 1? = 27; r= 3. Therefore, x = 3;mand 
y = 9.) You may wish to ask the class to consider some 
exercises of this kind. 

Possible Assignments 

A minimal assignment should include Exercises 1 through 
12 and 19 through 23. Exercise 13 is recommended in order 
to reinforce the earlier lesson on induction. Note that 
Exercise 14 returns to one of the three motivating prob- 
lems posed at the beginning of the chapter. 

1.6 SERIES 

Purpose 

To define series and to provide some experience with 
determining the limit (or sum) of an infinite series. 

Getting Started 

Recall the "paradox" (getting from A to B) at the begin- 
ning of the chapter, and discuss it in terms of the dia- 
ram presented in this section. Actually this diagram 

ieigure 1.14) is at one an illustration of the physical 
situation and of the series derived from the given 
sequence. Thus 

5, t 4 oe ee. is the series associated with the 

Ik th 
sequence 5, T Be ee This makes clear the fact that a 

series is a sequence and clears a path for Definition 1.4 
(series). 

Using the Text 

Take time to discuss Example 2 carefully. This is a kind 
of infinite series notation that students will see in 
calculus, and they should understand that it does denote 
a sequence. An analogous notation for the series in 
Example 1 would be 3 + 7 + 11 +15 + 19, 
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Since a series is a sequence, "convergence" has the same 
meaning as in Section 1.2, and here (as there) is treated 
in an intuitive and informal way, Students should observe 
again that a geometric sequence (and series) converges 
Li eend only Tia) < oy <a y 

Finally the section closes by touching base with an idea 
first encountered in Course I--rational numbers as 
infinite repeating decimals. Considering such a decimal 
as an infinite series provides a legitimate way of expres- 
sing it in the form — 

Possible Assignment 

Exercises 1 and 2 might well be handled as discussion 
questions. Their purpose is that of focusing attention on 
the "mechanics" of the limit definition, but in such a 
way as to make clear the nature of the definition. 

Exercise 3 through 15 and Exercise 27 should be assigned 
and at least some of those among Exercises 16 through 26. 
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CHAPTER 2 

MATHEMATICAL MODELS 

The fundamental process involved in use of mathematics to 
solve real world problems is establishing an isomorphism 
between objects and relations of perception and mathemati- 
cal ideas which have abstract similarity to those percep- 
tions. In this case the mathematics is called a model of 
the real world situation. 

REAL 

WORLD 

Sensory Data 

Interpretation 

abstraction 

induction 

> TDEAS 
deduction 

Mathematical World or Model 

The purpose of this chapter is to carefully and conscious- 
ly examine the process involved in this modelling of real 
life problem situations--making assumptions, organizing 
data, translating ideas from one modality into another, 
interpretation of mathematical results in practical situ- 
ations, etc. The chapter thus sets the theme for succeeding 
chapters in this course--mathematics generated from and 
helping to solve problems in prediction and description of 
real life phenomena, The authors also believe that the rich 
variety of problem settings will convince students that 
their subject is indeed relevant to nearly every science, 
business, government, and industry. Of course the content 
given here is only a selection; amplification occurs in 

succeeding chapters. 

In addition to developing mathematical skills such as 
translating verbal conditions to mathematical language, 
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design of a simulation, or fitting a curve to patterned 
data, we hope that the problems of the chapter generate 
vigorous students' debate around such topics as: What are 
the assumptions you've made to arrive at that decision? 
Is the exact mathematical 'answer' practical? What non- 
mathematical boundary conditions must be considered? How 
does mathematical reasoning contribute to, but not settle, 
intelligent decision making problems? 

As a good general background resource, consult The Man- 
Made World, produced by the Engineering Concepts Curricu- 
lum Project and published by McGraw-Hill. 

SUGGESTED TIME SCHEDULE 

2.1 What is a Model? 1% days 
2.2 Language of Science to Language of 

Mathematics 2 days 
2.3 Multivariable Models 1 day 
2.4 Modeling Data from Experiments 2 days 
2.5 Probability Models and Monte Carlo 

Methods 2 days 
Summary + day 

TOTAL 9 days 

2.1 WHAT IS A MODEL? 

Purpose 

This section is designed to point out the main features 
of a mathematical model--it is a collection of mathemati- 
cal ideas that in some way represent reality. A model is 
only an approximation and often refinement of the model 

is necessary to make predictions of sufficient accuracy. 
Further, many important components of a decision making 
situation cannot be expressed in suitable mathematical 

formulation. 

Getting Started 

Describe the basic conditions of the rocket or typhoid 
model situations to the class. Then ask the class a 
sequence of questions about implications of the model, 
closing with several that indicate limitations of the 
model, For instance, note that the height function for 
the rocket takes on negative values for t greater than 
3.5. The typhoid model predicts 1,679,616 people sick in 
8 days; no provision for limits of the available popula- 

CLOD » 
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Using the Text 

Have students read the conclusion of section 2.1 in the 

text and then work in groups on exercises 6, 7, 13, 15. 

Other Activities 

Contact a school physics teacher to prepare some demon- 
strations of supposed "physical laws." Illustrate the 
approximate nature of these formulas when "real" data is 
gathered. One nice one is Galileo's use of an inclined 
plane to observe the acceleration due to gravity. His 
tools available were crude, so the data which led to 
mathematical abstractions had to be idealized. 

Possible Assignments 

Exercises 1-5 fit together and involve some computational 
practice. Then select some others that will generate dis- 
cussion on modelling assumptions; perhaps 17-20. 

2.2 LANGUAGE OF SCIENCE TO LANGUAGE OF MATHEMATICS 

Purpose 

This section gives practice and strategy hints for setting 
up the functions and equations that are so often the basis 
of mathematical models. Further, it explains the use of 
dimension analysis to check the validity of a model. Since 
the language of proportional variation is so common in 
science, it is stressed here, using function concepts. 

Getting Started 

Pose the verbal statements of Examples 1 and 2 to the 
class and ask them to construct a mathematical model of 
the science principles. Guide them by providing input on 
the meaning of scientific phrasing, pointing out the vir- 
tue of using variable names that in some way suggest the 
quantities represented by each variable. After solving 
the problems posed by each example, do the dimensional 
analysis of the remaining examples. 

Using the Text 

As an optional approach to this section, students might 
well be able to read the text and begin exercises on their 
own or working in groups. 

Other Activities 

Again contact the physics instructor or chemistry instruc- 
tor to arrange demonstrations of the principles described 
in examples and exercises, 
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Possible Assignments 

1,2, several from 3-10, 11, 16, 17, and several from 
18-24, Discuss 11-15 in class the next day. 

2.35 MULTIVARIABLE MODELS 

Purpose 

This section extends the "word problem" ideas of the pre- 
ceding section, considering more complex situations, The 
objective is for students to develop facility in trans- 
lating conditions into algebraic language. Don't empha- 
size solving the systems that arise--though some practice 
will review important skills for linear algebra that were 
introduced in Course III. 

Getting Started 

Because the transportation problem in the text is pretty 
complex, it is a good topic for group problem solving 
exploration, Before students read the text, put the 
diagram of figure 2.10 on the board and let students work 
in groups on producing a solution, presentation to the 
class, and rational justification of their method. When 
this activity reaches a successful conclusion or the 
groups seem to be foundering, pull the ideas together in 
a full class discussion, emphasizing the problem solving 
strategy ideas. 

Using the Text 

Students can probably read Example 1 easily on their own, 

Other Activities 

For alternative motivational problems, look at the matrix 
multiplication situations in Chapter 1 of Course III. They 
generally involve many variables and equations. 

Possible Assignments 

Exercises 1-5 fit together to solve the problem in the 
text. This would give students a feeling of closure on 
that situation. Exercises like 7 and 9 are very good 
practice for problem solving. You might give students the 
task of making up story lines of their own to go with 
problem types. 
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2.4 MODELLING DATA FROM EXPERIMENTS 

Purpose 

Application of mathematics to problems from social and 
biological sciences has given a big boost to the impor- 
tance of "curve fitting" and the least squares method 
for determining the best fit. This section is primarily 
sensitization experience for students--pointing out that 
not every interesting phenomenon is linear or quadratic 
or exact in the sense of physical laws. Students should 
become aware of the possibility of building a model on 
approximations and of the limitations of inference based 

on such models, 

Getting Started 

Students hould be able to readily read this section prior 
to class discussion, Then in the discussion have students 
contrast the methods used in the examples with those that 
have dominated their previous mathematics, Have them 
discuss limitations of models based on data--for instance, 
the energy crisis has deeply distorted the usual supply 
and demand effect on price of gasoline. Note that the 
models chosen actually lead to some impossible predictions 
(negative sales, infinite hay production, negative miles 
per gallon) when applied out of the range of data points. 

Using the Text 

Have students read prior to class. 

Other Activities 

Have students work on Exercises 1-4 in teams during class 
to check the various types of error measurements, Then as 
@ class discuss the virtues and limitations of each, 

Possible Assignments 

Exercises 6, 7. Then have students choose a situation, 
9-10 or 12-14 or 15. Don't spend a long time on this 
exercise set. 

2.5 PROBABILITY MODELS AND MONTE CARLO METHODS 

Purpose 

This section introduces the concept of simulation--a 

technique of growing importance in application of mathe- 
matics. The focus is on only one type of simulation 
involving probability experiments. After studying the 
section students should be able to design simple Monte 
Carlo methods for estimating probabilities. This activity 
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should also help review basic ideas of probability, parti- 
cularly the relative frequency basis of probability 
measures, 

Getting Started 

Pose several statements to the class in the form "If... 
is true, then what can you conclude?" Pick contrasting 
situations such as those in the text to demonstrate the 
difference in logic between algebra or geometry and proba- 
bility. Emphasize the fact that a probability model is an 
attempt to predict the behavior of a system; but unlike 
the other types of mathematics, the prediction is less 
definitive. 

Using the Text 

Present the technique developed in Example 1 and then set 
the class to working on the succeeding thumbtack activity 
in pairs or teams. Compare results and try to extend the 
simulation by using the random digit table in the Appendix. 
Some subset of the class could go ahead to work on 
Example 2, 

Other Activities 

Computer generation of random digits is interesting. You 
might want to do Exercises 7 and 8 in class. For further 
ideas, see "A New Way to Teach Probability Statistics” 
in the April, 1969 Mathematics Teacher. 

Possible Assignments 

Exercises 1-6 will review important ideas in probability 
as a background for later work in this course. Several 
parts of 14 would follow up on the Monte Carlo technique. 

SUMMARY 

Since the basic purpose of this chapter is to illustrate 
concepts and strategies that will unify the succeeding 
work, we recommend that no chapter test be given. Since 
such examinations frequently have the effect of telling 
students "All right you've passed this material, now you 
can forget it!" we prefer to lead them directly into 
situations where the ideas can be used. It will be 
important for you as the teacher to keep the strategy 
ideas alive in the treatment of succeeding material, 
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CHAPTER 3 

QUADRATIC FUNCTIONS, EQUATIONS, AND COMPLEX NUMBERS 

To the extent that this chapter has a single objective, it 
is that of introducing the system of complex numbers as an 
extension of the real number system. However the pursuit 
of this objective brings together many existing strands of 
the unified structure, and in so doing accomplishes other 

objectives as well. 

The chapter opens with a modeling problem using quadratic 
functions, leading to a reexamination of the relationship 

between zeros of a function and solutions of an equation, 

part of which involves a computer search for zeros. 

The analysis of quadratic equations results in the quadra- 
tic formula and a study of the role of the discriminant in 
determining whether the equation has any real solutions. 
The case of no real solutions is the motivation for the 
development of the complex numbers, a development that is 
realized by a reexamination of 2 x 2 matrices and a subset 
of these matrices that is in fact an isomorphic model of 
the complex numbers. With the complex numbers, the problem 
of solvability of quadratics is resolved, and the chapter 
closes with the representation of complex number multi- 
plication as a plane transformation called a spiral simi- 
larity. This representation is based on the association 
of complex numbers with the points of a plane, 

In terms of behavioral objectives, the student should, 
after studying this chapter, be able to: 

1) Approximate the zeros of a polynomial function by 
computing function values at specified intervals. 
Derive the quadratic formula. 
Use the quadratic formula to determine all solutions-- 
real and non-real--of a quadratic equation with real 
coefficients. 

4) Identify the discriminant of a quadratic function and 
describe specifically the relationship between the dis- 
criminant and the number of real zeros of the function. 

5) Demonstrate the isomorphism between the real numbers 
and the 2x2 real matrices of type sa 4 

Oa 
6) List the basic field properties and demonstrate the 

possession of these properties by the set of real 
matrices of type sa -b 

(> 
7) Exhibit the isomorphic correspondence between the 

complex numbers, using the standard symbols (a+tbi), 
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and the set of real matrices of type G - ) 
ba 

8) Interpret complex numbers as points of a plane, and 

eae ae Sue satisfying certain conditions 
OC .Bes Z = at e 

9) Determine the absolute value of any complex number. 

10)Add, subtract, multiply, and divide complex numbers, 
making use of the conjugate in division. 

11)Tllustrate addition of complex numbers as a plane trans- 
formation (parallelogram property). 

12)Illustrate multiplication of complex numbers as a 

- spiral similarity. 

And in the affective domain, the student should further 
his appreciation of the role of mathematics in applications 
(modeling problems), of the uses of computer programming, 
of the interplay between algebra and geometry, and of the 
nature of a number system, 

SUGGESTED TIME SCHEDULE 

3.1 Introduction: A Modeling Problem 1 day 
3.2 The Computer Solves Equations 2 days 
3.3 Quadratic Equations: Solutions and 

No Solutions Clanva 
3.4 Matrices -- and Some New Numbers 2 days 
3.5 The Complex Number System 3 days 
3.6 Quadratic Equations: Always a 

; Solution! 1 day 
-3.7 The Complex Plane 2 days 
3.8 Transformation Geometry and Complex 

Numbers 2 days 
Review and Testing 3 days 

TOTAL 17 days 

3.1 INTRODUCTION: A MODELING PROBLEM 

Purpose 

This section serves as a motivational anchor for the 
chapter by discussing a modeling problem that makes use 
of quadratic as well as linear functions. Thus it main- 
tains the mathematical models momentum started in 
Chapter 2 and also serves to reintroduce the notion of 
quatratic function. 

Getting Started 

The section may be read and studied by students indivi- 
dually. However you may wish to set the stage by reviewing 
with the class the concepts of linear and quadratic 
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functions, and by noting beforehand that they will find 
in this section a problem showing the use of such func- 
tions to answer some significant questions in the field 
of economics (a new kind of application problem to add to 
those they saw in Chapter 2). 

Using the Text 

After students have finished the reading assingment, there 
should be some class discussion of the four questions 
included in the body of the text. Answers to these questions 
are printed below. During the discussion emphasize (if you 
have not already done so) that such things as linear and 
quadratic functions are useful in fields of study other 
than the physical sciences. 

Answers to the Discussion Questions: 

1) Note that the points (8,0) and (4,4000) were selected 
(arbitrarily) simply because it looks as though the 
line through these points is a good "fit" for the 
seven plotted points. The slope of the line through 
these points is -1000; so using this slope and the 
point (8,0), the equation of the line is 

y = -1000x+ 8000, or 
p = -1000n+ 8000. 

(Review if necessary the determination of the equation 
of a line through two given points.) 

2) These "break even" points can be located by solving 
-1000p? + 8000 p = -2000p + 20,000, 

which yields (approximately) $2.76 and $7.20. 
However students need some experience in interpreting 
graphical data, and suitable approximations can be read 
from the two intersection points (where revenue equals 
cost) in Figure 3.2. 

3%) When p = 5, n = -1000p + 8000 
-5000 + 8000 
3000. noi tl 

4) This question deviates somewhat from the specific 
modeling problem at hand, but students should see the 
relationship--it deals with a method of finding 
maximum (or minimum) values of a quadratic function, 
as in the model in this section. It also serves the 
pedagogical purpose of reviewing some transformation 
geometry. 

If*x' = x + and y' = y 

then x = x! - ay and y= y' 

Thus, y = ax® + bx + c becomes 
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y' = a(x! - 2)? + b(x' - =) +c, which simpli- 
2a 

fies to 

b? 3 

Yuma es) ee (re Po + c). 
But the graph of this function is symmetric to the 
y-axis, which means that the maximum (or minimum) point 
of the parabola occurs when x' = O, or when b 

x = - Ba" 

3-2 THE COMPUTER SOLVES EQUATIONS 

Purpose 

Here we review the relationship between zeros of a func- 
tion and solutions of the associated equation, considering 
polynomial equations in general before concentrating on 
quadratics in the next section. Also, following the 
student's newly acquired skill in BASIC and computer prob- 
lem solving, this section includes a program format for 
computer search for zeros, 

Getting Started 

Sketch a graph such as that 
in Figure 1, and ask--it 

should be a review question-- 
how many solutions the 
equation "f(x) = 0" would 
have in this instance, 
noting how the answer is shown 
by the graph. Next, use a 
graph such as that in Figure 
2 to illustrate an equation 
"f(x) = 0" that would have no 
real solutions. You can then FIG. 2 
direct attention to the intro- 
ductory questions at the beginning of the text section, 
and there should be ready agreement that determining 
solutions of "12x? + 28x® - 7x - 5 = 0" is tantamount to 
determining where the graph of "y = 12x? + 28x? - 7x - 5" 
intersects the x-axis. This section deals with a method 
for approximating such intersection points. 

EiGge. 

Using the Text 

Students should be able to read the text and study the 
examples, proceeding at their own rate to the exercises, 
However there are certain aspects of the topic that probab- 
ly call for some group discussion, specifically the 
following: 
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1) If you want an approximation correct to the nearest 

integer, you can work with intervals of length 0.5. 
Thus if the "crossing" is between 2.5 and 3.0, then 
the best integral approximation is 3.0; there is no 
need to determine the function values for 2.6, 2.7, 
2.8, 2.9. If you want an approximation correct to the 
nearest tenth, then you can work with intervals of 
length 0.05. For example, if the x-intercept is between 
2,85 and 2.90, then to the nearest tenth it is 2.9. 
This should be graphically evident to students, and you 
might help them generalize as follows: For an approxi- 
mation (pee to 107-8, work with intervals of length 
5 x lo-(ntl), 

2) The class may benefit from a few examples in which they 
"see" the term of greatest degree “dominate” a poly- 
nomial (note the discussion following Example 1 in the 
text). For instance, for the polynomial x* + 6x?, 
construct the following table: 

x x x 6x8 x? + 6x? 
0 0 0 0 0 

il =i i 6 5 
-2 -8 8 oy 16 
-3 -27 a7 54 27 
-4 -64 64 96 32 
<5 -125 125 150 25 
-6 -216 216 216 O 
=i -343 343 294 -49 

-10 -1000 1000 600 -400 
-100 -1,000,000 1,000,000 60, 000 940, 000 

This table illustrates the principle at hand. As |x| 
increases, |x*| is so much greater than the absolute 
value of all other terms that eventually its sign 
(positive or negative) dominates and determines the 
sign (positive or negative) of the entire polynomial. 
Therefore one knows that as x ~ -w, x® + 6x? eventually 
becomes and remains negative, thus precluding any more 
intersections with the x-axis. You may want the class 
to construct similar tables for other polynomials so 
that they have a sound intuitive feeling for this 
phenomenon, 

3) In conjunction with the examples in the text, review 
the point-plotting BASIC program discussed in Section 
0.6; it can be helpful in the search for zeros of a 
function. 

4) Review the Factor Theorem from Course III. Many times 
it too is useful in finding zeros. For instance if 
the function is cubic and one of the solutions is 
known, then the Factor Theorem reduces the problem to 

that of solving a quadratic equation. 
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Possible Assignment 

A minimal assignment would include Exercises 1 and 2, at 
least some of exercises 4 through 9, exercises 10, 13, 
14, and 16 through 20. In addition, exercises 3, 11, and 
12 are recommended for classes that have studied the 
BASIC chapter. Exercises 15 and 21 are optional ones, 

3-3 QUADRATIC EQUATIONS--SOLUTIONS AND NO SOLUTIONS 

Purpose 

In this section the student should come to understand 
how the quadratic formula is derived, and should be able 
to apply it to determining the real solutions of any 
quadratic equation. The section also emphasizes the role 
of the discriminant in describing the number of real 
roots. 

Getting Started 

Ask several students to write quadratic equations on the 
board. Observe that we know (from Section 3.2) that each 
of the equations has exactly two, exactly one, or no real 
solutions. Then announce (by mentally computing the dis- 
criminant in each case) how many solutions each of the 
students' equations has. Then tell the class that deter- 
mining this number is a simple matter and is the subject 
of this lesson, 

Using the Text 

The step-by-step development of the quadratic formula 
should be discussed in class. The chain of equivalent 
equations in that development rests primarily on these 
three principles: 

rea 6 <o> r+ 4 = oe tet ocr to both sides) 
nd a multiplying both sides 

Roe 8 a> cine sh (t70) by nonzero number) 
r?= s <=> r = Vs or r = -s (s > 0) 

To emphasize the equivalence, ask students to begin with 
the final formula and "work back" --validating each step-- 
to ax® + bx +c = O. Also note that in the penultimate 
step in the text development, there are really four 
possibilities, but only two distinct ones. That is, the 
sentence r? = g*/t2 

is equivalent to 

s/t or) r= =-s/-t or r= =-s/t or 
s/-t. 

However the first two of these are the same, and the 
second two are the same. In the text development of the 
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quadratic formula, only the distinct cases--corresponding 
to the first and third of the above forms--are displayed: 

b Vb? -Fac b _ ~b?-4ac 
4 Tat aa she SUE Tig Da, 

Other Activities 

1) Ask students to construct a quadratic equation with two 
given numbers as solutions. Thus, if the numbers are 
-2/3 and V2, then a(x + 2/3)(x - V2) = 0, where a is 
any nonzero number, is an answer. Then ask them to use 
the quadratic formula to "recover" the numbers they 
started with. 

2) Ask students to investigate the validity of the quadra- 
tic formula in operational systems other than that of 
the real numbers. (See Exercise 26.) 

Possible Assignments 

At least half of the exercises numbered 1 through 16 
should be assigned. Call attention particularly to exer- 
cises 14, 15, 16, so that it is clear that the quadratic 
formula applies to any quadratic equation having real 
coefficients, rational or irrational. 

Exercise 17 should be assigned; it requires finding the 
solutions of the equations in the first sixteen exercises 
(with or without the assistance of a computer). Exercises 
20 through 25 should be assigned as a review of the impor- 
tant principle involved in solving quadratics by factoring. 
Exercises 18, 19, 26, and 27 are optional ones, with the 
latter two highly recommended for some independent inves- 
tigation by able students. 

Biot MATRICES AND SOME NEW NUMBERS 

Purpose 

The immediate objective here is to review the structure 
of a field and to investigate a subset of the 2 x 2 
matrices that is a field. The ultimate purpose for doing 
so however is that this matrix system will (in Section 
3.5) serve as a model for the complex number system. 

Getting Started 

Because the principal development (that of the complex 
number system) does not appear until the next section, 
the present one may seem to be almost misplaced unless 
you relate it to the themes of the chapter. This can be 
done by noting the well established fact that not all 
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quadratic equations have solutions. Ask the class to cite 
examples of equations (such as the two cited in the text) 
that do not have solutions in W and in Z until appropriate 
extentions of these sytems are made. Then ask the class to 
recall another extension they have made (An Answer: 
"x2 = 2" has no solution in the set Q of rational numbers, 
but it has two solutions in the real number system R.) Let 
the class know that the present section is one of conside- 
rable drama because it will lay the foundation for still 
another extension--this time making it possible to solve 
presently "unsolvable" quadratic equations. 

Using the Text 

It is recommended here that there be considerable class 
discussion of the text development so that the purpose 
of the section is not obscured. It should be clear to 
students that they have isolated a subset of the 2 x 2 
real matrices that has very special properties--it has 
all the defining properties of a field. This is noteworthy 
inasmuch as the entire set of 2 x 2 matrices is not a 
field. It is also significant since, as later sections 
show, this set of matrices will serve as a model for a 
structure that may be taken as an extension of the real 
numbers. (We are soon to see these matrices as complex 
numbers!) 

Expressing the matrices in form aI + bJ is a@ precursor of 
the symbolism used in the complex number field. Thus 
(aI + bJ) + (cI + dJ) will reappear as (a + bi) + (c + di) 
Jater, (It is unfortunate, but a fact of life, that "J" 
plays the role in the matric model that "i" will play for 
the complex numbers. However the symbol "I" is already so 
closely associated with the identity matrix that it would 
be even less satisfying to use it for ( a) in the 
present context. hk @ 

The important behavior of this matrix J = cs i) should 
be emphasized. The fact that jy? = (a oe) is the key that 

will unlock numbers whose squares are negative. Two of 
the exercises--those numbered 10 and 16--deal with this 
product. 

Other Activities 

Recall with the class the set of rotation matrices of form 

(ee § -sin 8) 

sin 8 GoOsm ari: 

These constitute a subset of the matrices studied in this 
section--those of type ;a Dy Furthermore, every matrix 

(s zn can be written as?th® product of a real number 
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and a rotation matrix, as follows: 

a -b 
(> es - Jaztb? x Ja2+b2 Ja=+b2 

b a b 3 

JVa®+b2 Va=+b2 

For example, 

-2 

hy aiks| 

TE 
As such, this matrix can be associated with that trans- 
formation of the plane which is the composition of a ro 
tation through @ (where tan 4 = 2/3) and a dilation with 
scale factor V13. 

Ge sor or 

You might ask the class to express other (@ a) matrices 
in this product form. Later when these matRic8s are 
identified with complex numbers, expressing them in this 
way will enable each complex number to be associated with 
a point of the plane. (See "Other Activities" in the 
Commentary Section 3.7.) 

Assignment 

It is recommended that all 26 exercises be assigned. 

3.5 THE COMPLEX NUMBER SYSTEM 

This section enables the student to understand the complex 
number system as an extension of the reals, using the 
concept of isomorphism and the special subset of the 
2 x 2 matrices which was identified in the preceding 
section as a field. There is also provision for practice 
in the arithmetic operations with complex numbers. 

Getting Started 

The concept of isomorphism is central to this section, 
and so you may want to review it briefly, perhaps by 
recalling examples from earlier courses. One such example 
is that of the two isomorphic systems below. 
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The isomorphism is more easily recognized if the second 
table is rearranged as follows: 

These two systems--which students have seen earlier--may 
use different labels and may stem from different physical 
referents, but structurally there is no difference between 
them. If each label used in one system is replaced by the 
corresponding label in the other, then the identical struc- 
ture of the systems is apparent. (In the present section 
one system refers to matrices and uses the usual matrix 
notation. The other refers to the real numbers and uses 
the standard numerals for those numbers.) 

You may wish to discuss Exercises 1 through 3 at the time 
of this introduction; they call for a review of the concept 

of isomorphienm, 

Using the Text 

Following the review of isomorphism, prove Theorem 4.3 
with the clase, emphasizing the one-to-one correspondence, 

and the fact that we theorem justifies identifying a 
matrix such as (6 a) with 4 real number, namely the real 
number 4. 

Because of the nature of this section, a step-by-step 
clase development ig recommended. In essence the develop- 
ment rests on the following points: 

1) We have (in the preceding section) noted the field 
properties of (M,+,°), where M is the set of 2 x 2 
matrices of form (# ~2). 

2) Theorem %.% makes it clear that 4 subset of M--those 
elements of type (% ,)~~form a subsystem which structu- 
rally is simply thé real number system. 

%) The question then is this: If the real numbers are iso- 
morphic to 4 subsystem of M, how can we extend the reals 
to a4 new system of numbers that will be isomorphic to 
the entire set M? The structure of M has already been 
investigated, and so we know in advance about the 
structure of the new number system--it is going to 
"behave" precisely as (M,+,-) does. 

4) Tne development starts with the introduction of a cor 
respondent for (? ~1). Since (° “1y2 2 9) 

Ns, OPS zs 0 -1 
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this new number (called i) is one whose square is -1l. 
And thus we are off and running in the construction of 
a new number system which will include squares that are 
negative. 

As in all extensions (whole numbers to integers, integers 
to rationals, etc.) the properties of the original system 
are preserved (otherwise it would not be an extension) 
but there are some new properties (e.g., negative squares) 
since otherwise there would be no need for the extension, 

Possible Assignment 

All exercises should be assigned or discussed. Be sure to 
discuss the concept of conjugate and its role in simpli- 
fying the quotient (Exercises 25 through 40). Also use 
the exercises to review the way subtraction and division 
are defined (in terms of inverses) in a field. 

3.6 QUADRATIC EQUATIONS: ALWAYS A SOLUTION 

Purpose 

This section deals with the principle that in the field of 
complex numbers every quadratic equation (with real co- 
efficients) has at least one and at most two solutions, 
and it provides practice in solving such equations. 

Using the Text 

The present section in a sense provides some closure for 
the chapter. It all started with a study of quadratic 
functions and equations and the observation that not all 
such equations have real number solutions. This led to 
an exploration of extending the real number system, resul- 
ting in the development of the complex numbers. And now 
we return, this time with the complex numbers in hand, to 
the question of solvability of quadratics, and find that 
now all these equations have at least one--and at most 
two--solutions. 

The text section is brief and easy to read, but you may 
want to -rork with the class on such simplifications as 
J-3 = WwW, 

Possible Assignment 

It is recommended that the first 15 exercises be assigned. 
Exercise 16 is optional. 
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3.{ ROTATING THE NUMBER LINE: THE COMPLEX PLANE 

Purpose 

This section discusses the representation of the complex 
numbers by points of a plane, a concept essential to 
complex analysis. In so doing it makes use of some trans- 
formation geometry, and it also discusses the geometric 
interpretation of complex number addition, 

Getting Started 

The work here brings together a number of strands from 
earlier work. To prepare for the principal concern of 
the section, you might start by recalling the set of 
matrices isomorphic to the real numbers, leading to the 
following points: 

1) What is the (geometric) effect of multiplying (3 > ©) by 
& 0)? where ee ) denotes the unit point a the horizontal 

sare The Se of course is to map is ) onto the point 

G ). So, since a is any real number, ae unit point 

Sela the entire real line. 

2) ee ee =] the effect of multiplying the unit point 

G ) b jet a): This question leads directly to the 

eS ie ok a 

Using the Text 

Illustrate on the chalkboard (or the overhead projector) 
the matrix products in the text, and other similar ones, 
Thus, Scene) _ (2 

may be interpreted as ae the point (3,0) through a 
rotation of 90° to the point (0,3) - This is a geometric 
interpretation based on what we Aree know about matri- 
ces and transformations of the plane, However because of 
the identification of the matrix ( ) with the number i 
we may also view the product in 1 O’ terms of numbers: 

eal eaela! 
You might actually do this "writing over" illustration to 
emphasize that the product can be associated with (i)(3) 
or 3i. It should be easy for students to see that all 
numbers of form ai, where a is real, can be identified 
in this way with points on the vertical (or "“imaginary") 
axis. It is a short step from there to "filling in" the 
complex plane, 
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Be sure to discuss with the class the graphical interpre- 
tation of addition of complex numbers 7 uoaeette lee ren 
property") which is tantamount to vector addition (2-space) 
thus emphasizing that a complex number is, considered ab- 
stractly, an ordered pair of real numbers (see (2) in 
Other Activities). 

Also note that addition of complex numbers can be interpre- 
ted as a translation (this is essentially the "parallelo- 
gram property"). Thus, adding 3 + 4i is associated with 
the translation Tz 4, since it maps (a,b) onto (at+3,b+4+); 
that is (atbi)+(3+4i) = (a+3)+(b+4)i. In the next section 
a geometric interpretation (in the complex plane) will be 
given for multiplication of complex numbers, 

Other Activities 

1) It seems natural enough to associate each complex 
number with that point in the plane determined by its 
real component (horizontal axis) and its "imaginary" 
component (vertical axis). However it also is possible 
to rationalize this interpretation in other ways. To 
illustrate, consider the complex number 3+4i. The 
product (3 + 4i1)(1) may be taken as 

oh 
sar Foe] pak 

2 

Thus the product--3+4i--is represented by the image 
point of (1,0) under rotation ®, where tan ® = 3/4, 
followed by dilation Ds with center at, origin. This 
point is of course the point (3,4). In general for any 
complex number a+t+bi there is an associated transforma- 
tion represented by 

asa vere 
Recap) ACESS 

This transformation associates any complex number a+tbi 
with the point (a,b), the image of the unit point (1,0). 

Sata 

2) The complex plane suggests that a complex number may be 
considered as an ordered pair of real numbers--and this 
is the case, Thus the set of complex numbers is the set 
of all ordered pairs of reals, with the following defi- 
nition of addition and multiplication: 

eS te Zinie))) Te) ((@iaqtel il 

AEE b+d) 
ac-bd, ad+tbc) 

Students may be interested in investigating analogous 
definitions of integers as ordered pairs of whole 
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numbers, and of rational numbers as ordered pairs of 
integers. Ask them to get from a library some books on 
modern algebra or development of the number system, and 
to report to the class on these developments of the 
integers, the rationals, and the complex numbers. (They 
should also be interested to know that the real numbers 
cannot be constructed in this way, that is as ordered 
pairs of rational numbers.) 

Possible Assignment 

The first thirteen exercises may well be treated as class 
work; they serve to emphasize that multiplication by i can 
be interpreted geometrically as a quarter-turn. 

All other exercises in the set should be assigned. 

le) TRANSFORMATION GEOMETRY AND COMPLEX NUMBERS 

Purpose 

This section introduces a transformation interpretation of 
complex number multiplication. The transformation is 
called a spiral similarity and serves to review the whole 
concept of similarity. 

Getting Started 

1) Ask the class to view Figure 3.28 and try to describe 
a transformation that maps ABC to A'B'C', (It can be 
done by a composition of a rotation, translation, and 
dilation.) This provides the opportunity to review the 
notion of transformation in general and of similarity 
in particular, 

2) Then point out that this particular kind of similarity 
can be associated with multiplication of complex 
numbers, just as addition of complex numbers is associ- 
ated with a simple translation. 

Using the Text 

The text has a graphic representation of the geometric 
interpretation of the product (2+3i)(3+i), where 3+i is 
the complex associate of point B in Figure 3.28, Even 
so, it may be advisable to go through this step-by-step 
development on the board or the overhead projector. The 
product (2+3i1)(3+i) is, by distributivity, the same as 

2(34+1) + 31(3+i). 

In the text the steps are done in this order: 
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(Sei) reo ee) 

(2) Dilation 

(4) Quarter-turn 

(4) Sum of points 

(1) Dilation 

Students should note however that--except for the sum of 
points, which of necessity must be last--the order of the 
steps is arbitrary. It may be that you will want to repeat 
this step-by-step procedure--or ask the class to--for 
other points and other complex number multipliers. 

One question students may ask--and if they don't, you 
should--is how one would determine that 2+3i is the 
complex number associated with the spiral similarity in 
Figure 3.28. The question deserves an answer, but not 
until they have worked on it themselves. (See Exercise 7). 

With the introduction of the spiral similarity we now have 
a geometric model for both addition and multiplication of 
real numbers, and for both addition and multiplication of 
complex numbers. You may wish to recap these with the 
class: 

1) Addition of real numbers--Translation on a line 
2) Multiplication of real numbers--Dilation on a line 
43) Addition of complex numbers--Translation in the plane 
4) Multiplication of complex numbers--Spiral similarity. 

Possible Assignment 

All of the exercises should be assigned. 
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MAINTAINING SKILLS AND UNDERSTANDING 

Vi, Choel ARI 

There are two sections, I and II, the first following 
Chapter 3 and the second following Chapter 7. The problems 
are arranged in the same order as the development in the 
textbook and are listed under the chapter headings, 

These sections do not constitute separate units of study. 
They are intended for review, practice, enrichment, and 
adaptation to the individual needs of your students. There 
are challenging original exercises for the best students, 
and simple applications and drill exercises for those who 
need more practice. Not all problems should be required 
of all students, 

At the end of the study of a chapter in a book, the sec- 
tion in these Maintaining Skills and Understanding (MSAU) 
may be used judiciously as further practice. They can 
also serve as subsequent study of other chapters as a way 
of renewing and reinforcing learning. Thus as the study 
of chapters 4 to 7 is carried on, selected problems from 
MSAU I can be assigned from time to time. Similarly as 
chapters 6 and 7 are studied, the teacher can use MSAU II 
exercises for renewing and keeping up the concepts of 
chapters 4 and 5. 

The teacher should acquaint herself or himself with the 
solutions of all the problems in both sections before 
making individual assignments. By working through the 
solutions the teacher can readily discover the degree of 
difficulty and thereby determine which exercises best meet 
the needs of his individual students. It will also give 
the teacher an idea of the amount of student time the 
assigned problems will require for solution, enabling the 
teacher to make reasonable assignments. Roughly, the time 
required to do all the problems of both sections of MSAU 
would be three to five weeks of student study, i.e. 15 to 
25 clock hours. 

The primary use of these exercises is to gain self-reliance- 
-assurance that one has a grasp of what has been developed 
and studied in the textbook and in class. As such these 
sections can aid in having the student tackle the problems 
from time to time, on his own, to see how well he can do 
and how well he remembers, The answers, and some complete 
solutions are given in the Teachers Commentary, Part III. 



CHAPTER 4 

EXPONENTIAL AND LOGARITHMIC FUNCTIONS 

This chapter introduces exponential and logarithmic func- 
tions and highlights the exponential function f:x ~ e%, 
x € R. The spirit of the development of the two types of 
functions is consistent with the modelling theme of this 
textbook--we hope to motivate the study of mathematics 
through applications. 

A recurring emphasis throughout the chapter is on function- 
al properties and the relationships among functions. 
Students are asked to sketch many variations of exponential 
and logarithmic functions and to compare results. The 
"transformational" background from Courses I-III should be 
reviewed and used wherever possible. (For example, I can 
sketch the graph of y = -e* 1 easily once I know the graph 
of y = eX; simply translate and reflect.) 

Exponential functions, in particular, model growth and 
decay phenomena (bacteria and cellular growth, radioactive 
decay). A compound interest problem is used in Chapter 4 
to suggest the general mathematical formula for represen- 
ting growth or decay situations as well as to motivate 
the existence of the real number e. 

SUGGESTED TIME SCHEDULE 

4,1 Integral Exponents 3 days 
4.2 Rational Number Exponents 2 days 
4,3 Real Number Exponents 2 days 
4.4 Compound Interest and the Exponential 

Function 2 days 
4.5 Inverses of Exponential Functions-- 

Logarithmic Functions 2 days 
4.6 Using Logarithmic Functions 3 days 
4.7 Summary 2 days 

TOTAL 16 days 

4,1 INTEGRAL EXPONENTS 

Purpose 

The purposes of section 4.1 are to review the rules for 
calculating with exponential forms (aX), where x is a 
natural number, and to introduce integer exponents. By 
considering the growth of a rabbit population, the student 
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sees that an exponential function can be used to model a 
"real" situation. The population function for the rabbits 
is used to suggest definitions for 

aX, x € Integers 
and for 

aX, x € Rational Numbers (Section 4.2) 

Getting Started 

Begin by discussing the many ways that growth and decay 
may occur. For example, one way to accumulate savings is 
to place five dollars under a mattress each and every 
month for a period of years. If this were done forn 
years, the accumulated amount would be given by 

A = 60n, 

a linear function. At the end of 2 years, 120 dollars 
would be saved. 

Another procedure would be to place, say 2 dollars under 
the mattress at the end of the first month, 4 dollars at 
the end of the second month, 8 at the end of the third 
month, and so on. Have students guess at the accumulated 
amount at the end of the 2nd year; this amount is given 

by 

Aiea 1) awheremtee2 
an exponential function. (The total would be $8,388,608.) 
Continue with development in the textbook, 

Using the Text 

Use the population function p:t - 160-2" to motivate a 
review of the rules for calculating with exponential 
forms, where the exponent is a natural number. Although 
the students have studied exponents and operations using 
exponents in Courses II and III, take time to carefully 

review the rules for they will be systematically extended 
in subsequent sections, 

Make sure that students understand that Table 2 was con- 
structed without using the function f:t ~ 160-2¢., The 
entries in the table can be used to suggest values for 2 
where t € {-1,-2,-3,...}. 

t 

Assignments 

There is enough content in this first section to require 
that at least two assignments and three days be spent on 
integer exponents, calculating with exponents (Exercises 
1-35), and situations that are modelled by exponential 
functions (Exercises 36,37,38,41, and 42). In addition, 
Exercises 39 and 40 introduce important properties of 
exponential functions and should be assigned. Exercise 45 
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could be assigned for outside reading with student reports 
at a later date. The interesting thesis of Vaughan's 
article is that there are situations that suggest 
defining 09 = 1, 

4,2 RATIONAL NUMBER EXPONENTS 

Purpose 

To extend the domain of the exponential function to the 
set of rational numbers and to verify that the rules for 
calculating with exponents are still valid. 

Getting Started 

Compare the growth situation suggested for Section 4.1 
(put 2,4,8,... dollars under your mattress; how much will 
you have at the end of two years?) with the situation of 
the doubling rabbits. By discussing growth (or decay), in 
general, students will see that growth does not always 
occur at the end of an “integral interval." 

Using the Text 

Definition 2 for rational exponents is motivated by 
referring to the doubling rabbits. The answer to the 
Discussion Question preceding Definition 2 is: 

If students have studied BASIC, you could make the pre- 
ceding a “computing" exercise. 

In discussing Definition 2, make sure that students under- 
stand that negative bases are excluded here only because 
we want exponential functions to be real functions. 

The fact that x” = b has exactly one positive number 
solution is crucial to the definition, Although we don't 
prove it, one way to suggest the result is to have students 
sketch, say 

f(x) = x" ~ 4 

for n = 2,3,4,5,6. In each case, there will be but one 
x-intercept corresponding to the unique positive solution 
of x" = 4 (for n = 2,3,4,5,6). In general 

f(x), 2.x? b 

can be handled similarly. 

The proofs that the rules for calculating with exponents, 
where the exponents are rational numbers, are quite subtle 
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and should be handled with care. The proof of Lemma 1 is 
optional, but it does illustrate a nice use of geometric 
sequences and sums. Together with Lemma 2, the rules can 
be proved as in the Class Discussion preceding Example 2. 

Assignments 

Most of the exercises should be assigned with perhaps 
Exercises 30, 31, and 432 saved for class discussion, 
Exercise 32 is needed for an exercise in the next section. 

4.3 REAL NUMBER EXPONENTS 

Purpose 

To extend the domain of exponential functions to the set 
of real numbers; to introduce two new growth situations 
that are modelled by exponential functions, 

Getting Started 

Begin by consideri f:x-2%, x€Q and ask questions about 
expressions like » OT, etc. Use the graph of f:x-~2%, 
x€Q to subbest an interpretation for ex, x irrational. 

Using the Text 

Although the graph of £:x—2 x € Q strongly suggests that 
"irrational powers" ought to be approximated by rational 
powers, the definition of an irrational power requires a 
little work to develop. You will need to recall some 
vocabulary from Courses II and III; in particular, review 
the ideas of upper bound, lower bound, least upper bound, 
and greatest lower bound. These terms were introduced and 
used to help characterize the real number system in 
Course II. To review the preceding ideas you could give 
an exercise like: 

(Gejstsmlelehe aes filevepb(Seer Wor ASEI5 oobbia soc 

1) In this sequence a, = .3, what is a6? a? 

2) On a number line locate as carefully as possible 
the first three terms of the sequence, 

3) Determine one number that is greater than or equal 
to any term of the sequence. How many numbers have 
this property? Answer: One number would be 5. There 
are an infinite number that would satisfy; they are 
all upper bounds for the sequence. 

4) From the set of all upper bounds, is there a 
smallest? What is it? Answer: Yes, it is 4, the 
least upper bound. 
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By examples, the idea you want to stress is that every in- 
creasing sequence of real numbers that is bounded from 
above, must have a least upper bound (in R). 

Go over the Class Discussion Questions carefully. To do 
Number 1 requires the use of a computer or a relatively 
powerful electronic calculator. Logarithms can also be 
used, but they are not introduced until Section 4.6. The 
answer to Number 2 is subtle, Allow the students to assume 
that 2X > O for all rational x (Exercise 13 asks for a 
proof). Since an irrational power can be approximated by 
an increasing sequence of positive real numbers which, 
therefore, has an lub which is positive, the result follows. 

Examples 2 and 3 fit together. Mitosis is the process by 
which the number of cells grows; the growth is exponential, 
Compound interest is a process by which money grows 
exponentially. 

Assignments 

Although Exercise 13 is starred as optional, you should 
at least discuss the proofs in class. Exercises 16-18 
give other growth situations for students to consider 
with Exercise 18 being particularly relevant in 1974 as 
the United States enters a period of "zero population 
growth," 

4.4 COMPOUND INTEREST AND THE EXPONENTIAL FUNCTION 

Purpose 

To discuss compound interest; to introduce the real 
number e and the exponential function f:x-e*, x€R; to 
consider situations where growth or decay is approximately 
continuous, 

Getting Started 

Ask students what they know about banks and the way 
interest is computed. Some banks pay interest more 
frequently than others; the results given in Example 1 
may surprise some students. 

Using the Text 

Discuss Example 1 thoroughly. The differences among the 
accumulated totals are surprisingly small and should 
motivate some discussion about where to bank. (Should I 
drive the extra miles to get to a bank that compounds 
more frequently than mine does?) From Example 1, the 
compound interest situation is used to: 
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5 define e 
2) give a general formula that models continuous growth 

or decay situations, 
As in Section 4.3, least upper bounds play a role in the 
development. 

Compare the result from Example 4 with that of Example 1. 
Discuss. 

Assignments 

Exercises 1-14 should all be assigned, perhaps over a 
number of assignments. Exercises 15-17 set the stage for 
the next section and should be discussed. Note how Exer- 
cises 15 and 16 together prove Exercise 17. 

4.5 INVERSES OF EXPONENTIAL FUNCTIONS-LOGARITHMIC FUNCTIONS 

Purpose 

to introduce logarithmic functions as inverses of exponen- 
tial functions; to give meaning to the symbol log». 

Getting Started 

Begin by reviewing what one means by an inverse. In 
general, for a group, combining an element with its in- 
verse produces the identity for the group. Consider (Z,+), 
(Rt+,*), (Zg3,+) and so on. If a group consists of functions, 
-then the identity is a function, 

Using the Text 

Examples 1-3 give a sequence that leads to a mathematical 
definition of a logarithmic function, The discussion 
following the definition is particularly important, for 
in a systematic way it gives meaning to the symbol 1log,. 
Emphasize Example 5. You should expect students to eenlere 
operational skills in changing expressions from exponential 
form to logarithmic form and vice versa. 

Assignments 

Exercise 2 is important for it gives a convenient curve 
sketching fact about functions and their inverses. A 
proof of the fact is Exercise 10 which could be assigned 
before Exercise 2. One proof of Exercise 10(b) is as 
follows: 

Let A = (a,c) and A' = (c,a). Then 
forlany ris 9 (xx) ee f(x,y) 2 yex), 

AP = a-xX + (cx = A'P 

and so all points on {(x,y):y=x)} are 
equidistant from A and A'. This makes 
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{(x,y):y=x]} the perpendicular bisector of AAT, 
Exercises 11-14 anticipate the next section. 

4.6 USING LOGARITHMIC FUNCTIONS 

Purpose 

to introduce the functional properties of log», logarithms 
base 10, and tables of logarithms. 

Getting Started 

Begin by saying that we know a lot about f:x-b*, 2 (Sk 

1) f is a 1-1 mapping of (R,+) onto (Rae.) 

and 

2) f(xty) = f(x)-f(y); i.e. f preserves structure 
since(R,+) is a group, so is (R*,-)). 

What about logy? Follow the development in the textbook, 

Using the Text 

Don't expect many ecudenys (if any) to recallethathif tiis 
an isomorphism, so is f~~. The basic functional property 
of logp, that is that 

log, (xy) = log, (x) + log, (y) 
comes from the fact that log, is an isomorphism because 
f:x-b* is. You may wish to mention this; if not, discuss 
the proof in the text that is independent of the isomor- 
phism concept. There is quite a lot developed in this 
section and so three days is probably a reasonable amount 
of time to spend here, 

Today, logarithms are used primarily to help solve expo- 
nential equations that usually represent growth or decay 
phenomena, Hence very little is done in this section on 
the "usual" computational applications of logarithms. In 
any case, one still needs to be able to find a logarithm 
of a number by using a table as shown by Examples 8 and 9. 

Assignments 

Assign all exercises over a number of assignments. 
Exercises 10-12 complete the chapter by showing how 
exponential functions and logarithms can be applied. 
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CHAPTER 5 

CIRCULAR FUNCTIONS: PERIODIC MODELS 

Though exponential and logarithmatic functions are grow- 
ing in importance as models for phenomena in the life 
sciences, the circular functions remain an indispensible 
tool for theory and application in the physical sciences. 
Use of the various right triangle ratios like sine, cosine, 
secant, and tangent dates back to the astronomy of early 
Greece, India, and possibly Mesopotamia. While this use of 
trigonometry to solve triangles remains important, contem- 
porary applied mathematics places even greater emphasis on 
the periodic extensions of these functions with domain the 
entire real line--most commonly representing time. 

The purpose of this chapter is to develop the definitions 
and basic properties of the common circular functions and 
their inverses, using the need to model periodic phenomena 
as the motivating theme. The chapter begins with a modeling 
problem designed to quickly review the definitions of sine 
and cosine and sensed angle measure that were introduced 
in Course III. Then situations involving tides, circular 
motion, and alternating current electricity are described 
to motivate the extension of those functions. The facts 
that follow are much the same as any basic trigonometry 
course. Several unusual features should be emphasized. 
First, in discussing the symmetries of circular functions 
and the variations such as A sin(CX + D), make use of 
transformational geometry background the students have from 
previous courses. Second, several of the fundamental 
identities are proven using properties of matrices and 
transformations. Standard proofs can be given in some 
cases, but the matrix proof is often quite elegant and 
makes contact with previous ideas in a non-trivial way. 
Third, the theme of developing mathematical ideas to help 
describe and predict (i.e. model) physical phenomena is a 
major thrust of the chapter. Several of the sections on 
electricity can be skipped without destroying the mathe- 
matical continuity, but it is the authors belief that 
students would miss an important illustration of how 
mathematics is useful. If the explanations of electrical 
phenomena seem inadequate, call in a physics or electronics 
teacher to demonstrate and explain what is going on. The 
justification for including this material is not an 
assumption that all students will someday be electronical 
engineers, but that electrical properties are so fundamen- 
tal to our modern technology and it is nice to know a 
little bit about how they operate. 

At the end of the chapter students should possess the 
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following basic skills: 

1) Ability to determine the period, amplitude, frequency, 
and graph of A sin (Cx + D) and A cos (Cx + D) along 
with tangent, cotangent, secant, and cosecant. 

2) Fit a circular function to a graph or given boundary 
conditions of a periodic function, 

3) Translate coordinates of points from cartesian to 
polar or trigonometric complex number form and back. 

4) Describe several examples of physical situations modeled 
by circular functions. 

5) State the addition, double angle, and half angle 
identities for sine and cosine, using these to derive 
further identities. 

SUGGESTED TIME SCHEDULE 

pal oRadar, soine<. Cos. x 1% days 
5.2 Periodic Functions as Models 1% days 
5.3 Properties of Cos® and Siné iL Geigy 
5.4 Variations and Applications for 

Cos8 and Sin®@ 3 days 
5.5 Rotations, Matrices and f(x+ty) 1 day 
5.6 Coe 2x, COS sx, Sineex, sin ex 1 day 
5.7 Polar Coordinates and Trigonometric 

Form 1 day 
#5.8 DeMoivre Meets z™=a 1 day 
*5.9 Electrical Circuits and Circular 

Functions 2 days 
*#5.10 Electricity, Complex Numbers, 

Circular Functions 1 day 
5.11 Tangent and Cotangent Functions 14% days 
5.12 Circular Functions and Equations 2 days 

Summary and Review Exercises 1% days 

TOTAL 19 days 

*Optional Sections covering 4 days. 

For an excellent general reference of illustrations for 
the circular functions and their uses consult The Man- 
Made World published by McGraw-Hill. 

5.1 RADAR, SIN x, COS x 

Purpose 

The purpose of this section is to use a modelling situation 
to motivate review of the basic definitions of sin, cos, 
and radian measure. Students should be able to convert 
degree measure to and from radian measure, and know the 

62 



ratios of sides in the right isosceles and 30-60-90 tri- 
angles, and know the coordinate definitions of sin and 
COS, 

Getting Started 

Students probably have seen radar used either live or on 
films in many settings. Ask them to contribute explanations 
and particularly probe for the type of information given by 
@ radar scanner. In almost every case the radar locates an 
object by distance and angle with respect to a reference 
line. For instance, naval stories involve statements like 

"Aircraft 25 miles at 270 degrees." In this case the refer- 
ence ray is due north; point out that this choice is a 

convention, and due east is equally common. 

Using the Text 

Recall the definitions of radian and degree measure for 
sensed angles. Then use 1-10 as class oral exercises, 
pointing out the special ratios in 45-45-90 and 30-60-90 
triangles. 

Other Activities 

Since radar really deals in polar coordinates, you might 
want to play the game "Tic-Tac-Toe in Polar Coordinates" 
described by Joseph Brone in the Mathematics Teacher, 

February, 1974. 

Possible Assignments 

A selection from 1-15, all of 16-20, 21, and several from 
22-25. Then 31, 432 lead into the next section. 

5.2 PERIODIC FUNCTIONS AS MODELS 

Purpose 

This section motivates the extension of circular functions 
with several periodic phenomena described. The definition 
of sine and cosine makes use of an informally described 
wrapping function. 

Getting Started 

One way to begin is to have students do exercises 31 and 
32 from 5.1 and then read the first three examples of 5.2 
prior to class time. Discuss the examples, including 
emphasis that the tide data will be only roughly approxi- 
mated by simple functions. 

Then explain the wrapping function, the ferris wheel 
example being perhaps the best example of why curvilinear 
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motion might be converted into vertical and horizontal 
position components in the way the wrapping function does 
ae 

Using the Text 

When the wrapping and extended sine and cosine functions 
have been defined, go over a selection of exercises from 

1-14 as oral class exercises. 

Other Activities 

Using a circular disk of radius 1 foot (circumference 
about 6.28 or 6% feet) wrap a tape measure around the 
circle, checking x and y coordinates at various points 

along the way. Particularly important multiples of pi. 

Have the science teacher come in and demonstrate electrical 
periodicity using an oscilloscope or a magnetic generator 
like that pictured in the text. 

Possible Assignements 

Most of the exercises in the section should be done. 
Note particularly how 21 shows the use of unit circle 
coordinate functions in any similar right triangle. 

5.3 PROPERTIES OF COS 6 AND SIN 9 

Purpose 

To illustrate the fundamental periodic and symmetric 
properties of these functions, 

Using the Text 

This should be a very easy section for students to get on 
their own by reading the text. 

Possible Assignments 

Exercises 1-5, several from 6-10 (perhaps different prob- 
lems by different class members with results shared before 
the rest of the class), 11, 13, 14. Exercises 15-23 intro- 
duce odd and even functions which you might choose to 
emphasize. Exercises 26-32 review the law of cosines. 
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5.4 VARIATIONS AND APPLICATIONS FOR COS 8 AND SIN 9 

Purpose 

Since real life uses of periodic functions seldom have 
amplitude 1 or period 27 this extremely important section 
explains how simple variations on sin and cos can be used 
to model more complex situations. At the end of this 
section students should be able to completely describe 
and graph A sin (Cx + D) and A cos (Cx + D). 

Getting Started 

To demonstrate variations in amplitude and period, make a 
simple pendulum with string and weight like a fishing 
sinker. For a fixed length pendulum (string), the period 
is independent of initial displacement. That is, the angle 
of deflection from vertical is a periodic function of time 
with amplitude the initial deflection and the deflection 
is O and max and min at the same time regardless of the 
initial deflection made. Have students experiment with 
this, sketching graphs of several variations until they 
see that the only difference is how high and low the 
graphs go. Period of such a pendulum is given by 

where h is the pendulum length in meters. Thus if you make 
a pendulum of 1 meter you will get period of about 2 se- 
conds. Next vary the length of the pendulum; say, using a 
iength of .25 meters. This will yield a period of about 
1 second. 

Now ask the students the more general questions: 

1) Give the rule of a function that is just like cos only 

it reaches a maximum of 2 and a minimum of -2. 

2) Give the rule of a function that is just like sine 
only it has period 7. 

Using the Text 

The composition of functions needed to develop the vari- 
ations of sine and cosine needed will not be easy for 
students. They need to study and work plenty of examples 
with teacher guidance, Perhaps on the first day work 
through Example 1 and then go to exercises. Return to 
Example 2 on the next day. 

Other Activities 

Again, call on the science teacher to demonstrate physical 
phenomena with different periods, frequency and amplitude. 
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Possible Assignments 

On Day 1, do Exercises 1-6. On Day 2, do Exercises 8-20. 
Then on Day 3, tackle 21-25. 

5.5 ROTATIONS, MATRICES, AND f(x+ 

Purpose 

This section derives the basic addition formulas for sine 

and cosine from which so many other identities can be 

derived. 

Getting Started 

Lead the class through discovery of the effect of the 
special matrices like/a “4 as transformations of the 

baa 
plane. Have students calculate the matrix products given 
in Example 1, without looking at the text. Then have them 
guess the geometric effect. 

Using the Text 

Have students study the proofs of Theorems 1 and 2 so 
that they can give justifications for each step. Then 
work several applications from Exercises 1-5 as class 
practice work. 

Other Activities 

Some students might want to check the identities given in 
Theorems 1 and 2 with a computer program. Remind them that 
the BASIC circular functions assume radian measure--or 
really real number domains, 

Possible Assignments 

Most of the exercises 1-24 should be done to give ade- 
quate practice. Then 25-27 make more contact between 
trigonometric functions and matrices (optional). Exercise 
31 is an important class discussion activity emphasizing 
the unified nature of the course. 

5.6 DOUBLE AND HALF ANGLE FORMULAS 

Purpose 

This section derives the indicated formulas and shows how 
they can be used to interpolate between known values of 
cos and sin, It also introduces the idea of an identity 
and gives some practice in deriving identities. It is the 
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position of the authors, however, that extensive drill on 

proving identities is not of fundamental importance. 
Therefore, if your taste is different you might want to 
supplement the chapter with examples drawn from standard 
references, 

Using the Text 

Students can probably quite easily read this short section 
on their own and begin work with the exercises. 

Possible Assignments 

Exercises 1-10 and 12-15 are basic practice type. 

5.7 POLAR COORDINATES AND TRIGONOMETRIC FORM 

Purpose 

To develop these two alternatives to cartesian coordinates 
and develop student facility in working back and forth 
between forms, 

Getting Started 

Pose the following problem for the class: How would radar 
locate the point with cartesian coordinates (15,36)? Guide 
them to calculation of the distance from origin and the 
point where the radar beacon intersects the unit circle. 
They will have to use the table of circular functions to 
estimate 98, 

Using the Text 

After running over Definition 6 and Example 2, lead 
students through the derivation in text of the rule for 
multiplying complex numbers in polar or trigonometric 
form, Check to see the commuting dilation and rotation is 
reasonable to the class, 

Other Activities 

The matrix proof of complex multiplication can be replaced 
by the standard argument using addition formulas for 

practice. 

Possible Assignments 

1-10, 14, 15, 19 give basic ideas. If you want to review 
ideas of geometric transformations, do 16-18, 21, 22. 
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*5.8 DEMOIVRE MEETS z™ = a 

Purpose 

This section is designed to lead students to discovery of 
DeMoivre's Theorem on powers of complex numbers in trigo- 
nometric form and its application to finding nth roots. 

Using the Text 

The text of this section is written for student discovery 
on their own or in small groups. It can be used as the 
outline for a class discovery discussion, too. You will 
probably want to check at the end of the discovery period 
that students indeed came up with the correct result! 

Possible Assignments 

This section is optional, so perhaps 1-5, 8, 11, 17 and 
18 are enough. Note how 17 and 18 reestablish contact 
with groups. 

*5.9 ELECTRICAL CIRCUITS AND CIRCULAR FUNCTIONS 

Purpose 

To demonstrate the way that mathematical formulas model 
flow of electricity in circuits, explaining the connection 
between alternating current and terms such as 120 volts, 
3 amps, etc. 

Getting Started 

The effectiveness of this section will be greatly enhanced 
if the electrical principles enumerated can also be demon- 
strated, beyond the plausibility argument suggested by 
water flow in a pipe. Make a visit to the electrical shop 
teacher or the physics teacher for some wires with alli- 
gator clips, some resistors, and a volt- or ammeter. 

Better yet, poll the class to find out if you have some 
hi-fi or electronics buffs and let them plan a demonstra- 
walloyalc, 

Using the Text 

Have students read the text after any demonstration. Then 
work through several circuits in Exercises 1-10. 

Possible Assignments 

Exercises 1-10, 16-23. Exercise 11 gives a hint of inte- 
gration by approximation. It might be done as a class 
exercise. 
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5.10 ELECTRICITY, COMPLEX NUMBERS, CIRCULAR FUNCTIONS 

Purpose 

If you can handle the electrical facts of this section 
very informally--simply acknowledging that "this is the 
way it happens"--then the mathematical development will 
be a beautiful example of unification. 

Getting Started 

On separate overhead transparencies sketch graphs of two 
functions--perhaps two periods of sin x and cos x. Then 
superimpose the two graphs and let the class guide you to 
a sketch of the sum of the two functions. If you take sin 
and cos you will notice that the result is periodic with 
max and min in different places than either of the 
components. Then casually say to the class that in some 
kinds of electrical circuits the impedance to flow of 
current is often the sum of two such out of phase 
separate impedances, An analogy might be that water coming 
through one valve surges like sine, but a second type of 
impedance in the pipe sends water around a loop before it 
goes on, delaying the surge from its usual peak time. 

Using the Text 

Now work through the proof of Theorem 6 and have students 
read the paragraph on complex numbers and electricity that 
follows it. 

Other Activities 

If you feel very uncomfortable with the electronics, skip 
the section! 

Possible Assignments 

Some of Exercises 1-15 will be routine practice with 
circular functions and the distance function. Exercises 
16-18 illustrate an important relation between graphs of 

functions and their translates, 

5.11 TANGENT AND COTANGENT FUNCTIONS 

Purpose 

To define and develop basic properties and graphs of these 
two functions. Secant and Cosecant are mentioned at the 

end of the section. 
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Getting Started 

Present students with a copy of Figure 5.75 with coordi- 
nates of point P' omitted. Have them figure out what 
those coordinates ought to be. Then give the definition 
of tan x and pose the next problem of determining the 
graph and period of tangent. 

Using the Text 

By this stage of the chapter students should be able to 
generate the basic ideas of the section on their own, 

reading the text for confirmation. After checking the 
definitions of cot, sec, csc, work on several of Exercises 

1-20 as oral practice in class. 

Other Activities 

A more general challenge to the class at the outset might 
be to say simply: O.K. you've got these two basic func- 
tions sine and cosine, What operations should be perform 
on them to generate new functions? Sum, difference, and 

constant multiple have been done already. Product and 
quotient and reciprocal remain to be investigated. 

Possible Assignments 

Exercises 1-20 are simple, but useful practice with the 
definitions. Then 27-30 and some identities from 36 would 
be a good thought type. In class the next day tackle the 
discussion question 35 and 37. 

5.12 CIRCULAR FUNCTIONS AND EQUATIONS 

Purpose 

This section demonstrates trigonometric equations, a few 

techniques for solution, and an informal introduction to 
the inverse circular functions. 

Getting Started 

Draw the graph of a function--not necessarily one with a 
particular algebraic rule--on the overhead or chalk board, 
Then ask students to demonstrate graphically how they 
would solve various equations of the type "f(x) = a. 
Then take a periodic example like cos x and ask to solve 
the equation when a = .5. Point out the multiplicity of 
solutions, 

Using the Text 

Then have students read Examples 1-3 and begin work on 
some exercises from 1-20. Perhaps splitting the problems 
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among the class members would see that the maximum number 
were worked and illustrated for all to see, 

Possible Assignments 

The practice in Exercises 1-20 and applications in 26-28 
is basic. Inverse functions will not really be needed 
until well into calculus, 
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CHAPTER 6 

CONDITIONAL PROBABILITY 

This chapter reviews previous study of combinatorics and 
robability theory and extends the study to conditional 

probability and independent events. The new major proba- 
bility concepts that occur are 

Conditional probability and its symbol P(A|B) 
Partitioning of the probability space 
Total probability 
Independent events 

Each of these basic ideas are introduced by an illustrative 
example upon which the mathematical theory is developed. 
This is followed by a number of illustrative examples of 
the theory and a set of exercises in which the theory and 
application are extended. Much use is made of tree dia- 
grams as an analysis of the probability space. A diagram- 
atic representation of partitioned space is pre-requisite 
and essential for the understanding of what appears to be 
a very complex algebraic formula, In fact, it is recommen- 
ded that most teaching of the chapter be done in the 
sequence--investigating a situation, making a diagram, 
solving several simple examples informally, developing 
the probabilistic theory (theorems and formulas), more 
involved examples, and finally the exercises, The ultimate 

goal is to have the students solve problems by recognizing 
the probabilistic situation, making a suitable diagram, 
and applying the theory--not just substituting, ina 
formula. 

SUGGESTED TIME SCHEDULE 

6.0 Introduction hr. 
6,1 Counting Outcomes and Assignment 

of Probabilities B) laste 
6.2 Conditional Probability 4 hrs, 
6.3 More on Conditional Probability ers. 
6.4 Independent Events 2 hrs. 

Summary, Review, Text anes. 

TOTAL 16 hrs. 

Two references for further problems are (a) Probabilit 
by G.E. Bates and Fifty Challenging Problems in Probability 
by F. Mosteller, both published by Addison-Wesley Company. 
For class and individual use it will be most useful to 
have coins, spinners, cubical dice, tetrahedral dice, and 
statistical data on categories of events, car accidents, 
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births, medical treatment, and the like. The use of 
prepared visuals on probability spaces with an overhead 
projector is a real time saver in class instruction. 

6,0 INTRODUCTION 

Before beginning this chapter, the class should have been 

assigned to read and come to class prepared to discuss 
the gambler's problem. In the discussion, raise the ques- 
tion why it is necessary to consider the playing of nine 
games in order to arrive at a meaningful answer. However, 
do not solve the problem at this time. As an added example 
propose another conditioned probability situation similar 
to the following. The probability that a whole number 
less than or equal to 1000, selected at random, is 
divisible by 5 is of course a Now what is the probability 
that the number is divisible~by 5 given that the number 
selected is an even number? Why is the answer again «? 
Try the same-problem using divisible by 10 and divisible 
by 4. Why are the two probabilities different? They are 

x and =. Again, allow the answer to be undecided until 

the end of Section 6.2. 

A plausible assignment is to study Section 6.1 as far as 
Example 1, 

6.1 COUNTING OUTCOMES AND PROBABILITY ASSIGNMENTS 

Purpose 

The main purpose of this section is to review the previous 
study of permutations, combinations, and elementary 
probability. All of these concepts are a basis for the 
study of the rest of the chapter. In particular, the aims 
are: 

1) To develop the concept and ability to create a 
probability space; 

2) To develop sophisticated counting and the use of 
permutations, (n) 3 

3) To develop the concept of ombinations and their use 

in counting (7)3 

4) To review the use of factorial notation, n!; 
To combine aims 1) to 4) in real probabilistic 
situations, 

Open the first class discussion with the problem on the 
throwing of two dice. Review the concept of "equally 
likely events." Present a case of throwing one die and 
spinning a dial around five equally spaced sectors (of 4 
spinner), numbered 1 to 5, and considering the 
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representation of several outcome spaces, and the manner 
of assigning probabilities to each outcome. This should 
lead to the fundamental counting theorem by using the die 
face first, the spinner dial second, and vice versa, Then 
develop the fundamental theory of permutations and the 
accompanying symbolization and use of factorials, 

Assign a selected set of exercises at the end of this 
section as outside of class work, 

The second class hour can start with the development of 
the theory of combinations and developing the combination 
formula. Examples 3 and 4 should be reviewed in class and 
the instructor should supply several new problems calling 
for the use of both permutations and combinations (see 
Chapter 6 of Course III). The outside of class assignment 
should be selected problems from Exercises 1-30 at the 
end of the section. A few of these can be done as a class 
exercise with all students participating in the solutions. 

A third class session should be given over to reviewing 
the fundamental concepts and theorems of a probability 
space. Here the teacher can use pages 243, 244, Course III 
stating the properties as theorems to be proved. Then 
Exercises 35 to 37 can be assigned and in all cases Venn 
diagrams should be used to guide the study. Uncompleted 
problems should be assigned as out of class work. 

6.2 CONDITIONAL PROBABILITY 

The essential idea of conditional probability lies in the 
concept of a reduced outcome set and its symbolic repre- 
sentation as a probability space by P(A|B). There are two 
key goals in the introduction (1) to show that (S, P(A|B)) 
is a probability space and hence we can apply all pre- 
viously proved probability theorems to this space and 
(2) the conditional probability can be obtained directly 
from the probability assignments in the original outcome 
space, S. 

Start with an illustration, not in the textbooks, e.g. the 
probability that in tossing a die, a two is face up, given 
it is an even number, or that a card drawing from a deck 

is a heart given that it is a nine; or that a random 
counting number < 101 selected at random is divisible by 
7, Biven that the number is odd, etc. In each case draw 

the sample space, show the events and the subspace and 
the two ways of finding P(A|B). Close your discussion 
with the development and use of the formula 

P(A|B) = ae : 

Assign as homework, a study of the Section 6.2 through 
example number 4, 
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In the second class hour review the assignment to be sure 
it is understood. Go over examples that show the relations 

P(A|B) ~ P(A) 

The equality relation will be important in Section 6.4. 
For the remainder of the class period teach the use of 
trees in depicting a sample space. Take example 5, 6, and 
7 and similar examples from other sources. Assign the study 
of the textbook through Example 7 and Exercises 1,2 and 3. 

The third class hour can be given over to clarifying any 
of the previous study, as well as taking up selected 
exercises at the end of the section, e.g. Nos. 6, 7, and 
18, Assign Exercises 2,4,5,8,9,10,12,14. Use remaining 
exercises for additional work in class or at home. 

6.3 MORE ON CONDITIONAL PROBABILITY 

The essential aim of this section is to relate conditional 
probability to the sample space. This will enable us to 
work two ways, (1) given several P(A|B,), P(A|B,) etc., 

we find P(A) or (2) we can find P(B,|A) from the P(A|B, ) 

for any number of partitions B,- 

Begin in the first hour by using the textbook example 
opening this section. Analyze the probability by ordinary 
selection, then refer to partitioning. Develop the total 

probability (for partitioning into 2 parts) and apply the 
formula, Follow this with Example 1 and the proof of the 
total probability theorem 2. Assign the study of Example 2 
and make a tree diagram for it. Also Exercises 1,2 and 3 
at the end of the section. 

During the second class hour, review the home assignment 
and then take up the illustration following Example 2, 
Do not stress only the memorization of the formula but 
rather the construction of tree diagrams and their use 
via the formula. Be sure all branches are labelled correct- 
ly as P(B), P(A; |B;) etc. Study Example % and assign 

Exercises 4,6,7,8 and *5 for extra credit. 

In the third class hour review the home assignment, re- 
develop the total probability formula and do Exercise 9 
in class as an example. Assign Exercises 10,11,12, and 
give a review and summary of the section, 

6.4 INDEPENDENT EVENTS 

The chief goal of this section is to define independence. 
Proceed in the order of proving 
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if P(A|B) = P(A) then P(BJA) = P(B); 
then consider examples where intuitively events A and B 
appear to be independent of each other and 

P(A)-P(B) = P(ANB); 
finally postulate the formal definition. Note that at 
some time we can tell that the events are independent, 
but that at other times we make the test. Note also that 
the dependence may be so slight that we can use indepen- 
dence to find an approximate answer. Assign the study of 
the section as far as Example 3 and Exercises 1,2,3,10 

and ll. 

The second class hour can begin with a study of Example 3 
and the proof of Theorem 4, Examine examples 4 and 5 and 
stress the use of 2 x 2 category tables. Define indepen- 
dence for three events and take up at once Exercises 14 
and 15 at the end of the chapter. Assign a selected set 
of exercises from 5 to 14 and do the remaining unassigned 
exercises in class. 

REVIEW AND SUMMARY 

Use the first class hour to review and summarize all major 
concepts and formulas of the chapter. For each idea 
written on the board, the student should be able to give 
a definition, or description or use that indicates under- 

standing. Begin the review exercises as class work, with 
the total class as an operating team, and assign study of 
the chapter and working of remaining exercises as outside 
work. 
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CHAPTER 7 

VECTORS, VECTOR SPACES, AND GEOMETRY 

The purpose of this chapter is to extend students' under- 
standing of geometry and of some fundamental concepts of 
linear algebra. 

The precise meaning of a vector cannot be given until a 
vector space has been defined. Therefore, we begin by 
considering two models of vectors and vector spaces--arrows 
that represent displacements and n-tuples of real numbers 
that represent coordinates in space, The underlying struc- 
ture of these two models suggests a definition for a 
vector space and proceeds by concentrating on R® and R®, 
coordinatized 2-space and 3-space, respectively. 

As you teach this chapter be aware that all theorems and 
applications are true in R"™ although for the most part they 
are illustrated for R® and R*. This fact should be pointed 
out to students, but at this stage it is not necessary to 
go beyond 3-space. The geometry (idnes and planes) and the 
algebra (vector spaces and subspaces) reinforce each other 
nicely in 2- and 3-space and hence should be emphasized. 

The following are some recommendations for teaching 
Chapter 7: 

1) Be careful not to assign too many exercises for one 
night's assignment. If you have taught vector geometry, 
than you know that often there is not a unique vector 
representation for a figure in, say, 3-space. Because 
there are many possible answers for exercises in this 
chapter, checking homework becomes an important part 
of learning. 

2) In line with 1), consider, spirally, homework exercises 
on a particular topic rather than giving them in one 
concentrated dose, 

3) If your students have access to a computer system, apply 
the BASIC skills to help solve some of the systems of 
linear equations of Section 7.6. 

SUGGESTED TIME SCHEDULE 

7.1 Introduction 1 day 
7.2 Arrows and Mathematics 2 days 
7.3 Lines in R® and R? 3-4 days 
7.4 Linear Combinations and Planes 3 days 
7.5 Non-Parametric Representations of 

Lines and Planes 3 days 
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7.6 Vector Spaces, Geometry, and 
Systems of Equations 2 days 

7.{ Measurements in Space 2 days 
7.8 Applications of the Inner Product 2 days 

Summary 1 day 

TOTAL 19-20 days 

7.1 INTRODUCTION 

Purpose 

To motivate the use of "arrows" to represent phenomena 
that have magnitude and direction; to use arrows to help 
solve problems from architecture, the automotive industry, 

and aviation; to use applications of arrows to motivate 
their subsequent study (mathematically). 

Getting Started 

One way to begin is to recall that the students were 
introduced to arrows and vector spaces in Course III, 

Chapter 9: Vector Spaces. The major emphasis there was on 
arrows and their applications in 2-space. Ask students to 
consider a plane that flies from A to B, 300 miles east 

of A and then to C, 400 miles north of B. An equivalent 
displacement is to fly directly to C as given below: 

C 

400 
50 

300 B 
Recall that AC is called the resultant, the arrow sum of 
Beata gots ete eee ee 

AC = AB + BC. 

Note that the arrow sum of the two vectors may be found 
by completing a triangle, if the arrows are located as in 
the preceding figure. Proceed with Example 1 in the text- 
book, 

Using the Text 

In the first two sections, we are careful to represent 
displacements with arrows and to call them arrows, not 

vectors. Although it is true that we may also call certain 
types of arrows vectors, we do not want to introduce the 
association too soon. Technically, a vector is an element 
of a vector space and so vectors may be arrows, ordered 

pairs, functions, ordered triples, and so on. We do not 
want students to think that vector means arrow and that's 
all it means. Of course, historically the term vector 
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first arose in connection with displacements and so we do 
chose to begin this chapter with some applications. By the 
end of the next section, arrows will be called vectors 

because they are--they are elements of a vector space, 

Discuss Examples 1 and 2, highlighting the application of 
mathematics to help solve the two problems. You'll 
probably need to review some trigonometry, especially the 
laws of sines and cosines. 

Assignments 

Assign all of the exercises, 

7.2 ARROWS AND MATHEMATICS 

Purpose 

To review some of the ideas from Course III relating 
arrows, arrow sums, coordinates, and translations; to 

review the concept of vector space; to recall that bound 
arrows (in the plane, space, etc) with arrow addition 
form a vector space over the real numbers, 

Getting Started 

Return to the mobile hanging problem from the first 
section to introduce the concept of a bound arrow. Proceed 
with development in the textbook, 

Using the Text 

This section reviews much content that was introduced in 
Course III. The major ideas are that in the plane (or 
space) there is a 1-1 correspondence between bound arrows, 
ordered pairs (or triples) of real numbers, and trans- 
lations. The idea that an arrow can represent a translation 
is extremely important and will be a major ingredient in 
our development of the geometry in this chapter; the 
association, arrow <——> translation, is natural. 

Assignments 

Exercises 1-8 are relatively straight forward, but should 
be assigned. Exercises 9-13 show that a vector can take 
various forms, and Exercises 14 and 15 ask students to 
apply the mathematics as they did in Section 8.1. 
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7.3 LINES IN R? AND R® 

Purpose 

There are many ideas that are developed in Section 7.3 
and you should proceed slowly. The procedures that are 
used to find equations for lines carry over to equations 
for planes and other geometric figures. Section 7.3 sets 
a base for much of what follows; the purposes are: 

1) to identify (R",+) over R as representing an important 
family of vector spaces with (R*,+) and (R®, +) as 
distinguished members; 

2) to develop a procedure for finding vector and para- 

metric equations of lines in R? and R*. 

Getting Started 

You could begin by skipping the introduction to the sec- 
tion and by considering the problem of determining equa- 
tions of a line. Begin in 2-space and recall how the 
equation of a line can be found using points and slopes. 
In particular for the line through (0,0) and (-3,6), its 
equation is 

y = -2x 

That is, the students should recognize that in R?, finding 
equations of lines is no big thing. Give a few other ex- 
amples to reinforce this idea, 

Now consider the line through (0,0,0) and (-%3,6,2) and 
ask for suggestions. Unfortunately, the simple procedure 
from R* does not extend easily and so let's return to R? 
to see if we can handle equations of lines in a way that 
will generalize to any space, 

Using the Text 

Go over Theorem 1 paying particular attention to R* and 
R*°, Note how the operations in (R°,+) over R are similar 
to those of R*® (Example 1). Proceed with the development 
in the text. The important observation is that for a 
line through the origin, its vector and parametric equa- 
tions are extremely easy to determine (in fact, easier 

than using slopes and points). 

Examples 3 and 4 will require some attention. The major 
geometric idea is that the image of a line #£ under a 
translation is a line £' that is parallel to #£. An 
example that you might give is to start with 

he (r(-4,2) : r © R}. 

Have students sketch £ and the images of # under the 
following translations: 
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1 x,y) —~ (xtl, yt+1l) = (x,y) + (1,1) 
2) (x, ¥) = (x4, yrs) = (x,y) + a 
3 Xe¥) + (xte, yr5) = (x,y) + (2,-5 

Ask students to relate each image to # (For example, in 1) 
the image is a line parallel to #£ and containing (1,1)). 

We hope that students will understand that not all lines 
in 2- or 3-space are vector lines. Vector lines are sub- 
spaces (having the vector space properties) while other 
lines containing vectors need not be. Vector lines must 
pass through the origin; any line in 2- or 3-space is 
either a vector line or a translate of a vector line. 

Assignments 

In this and in subsequent sets of exercises, students 
answers may vary considerably depending on how they 
solved the problems "vectorially." Exercise 10 is necessary 
for Exercises 11-16; Exercise 18 and 19 show that there is 
more than one way to give a vector equation for a line. 
Exercises 21-24 are important and should be assigned. 

7.4 LINEAR COMBINATIONS AND PLANES 

Purpose 

To develop procedures for finding vector and parametric 
representations for planes, 

Getting Started 

As background, a vector plane is a set of all linear com- 
binations of two non-zero vectors that are not in the 
same vector line. Any plane is a vector plane or a trans- 
late of a vector plane. This is an analogous situation to 
that in Section 7.3 where any line was related to a vector 
line, 

Using the Text 

Yee Ro-= {(x;y) oxy eR} 

fx{150): 459 (0,-d.) 2xy-€-R) 
to motivate the general form for a plane, 

Following Example 1, the answers to the Discussion 
Questions are: 

1) If 9 € {r(-4,5,1)}, then 

{r(-4,5,1) + s(1,1,-3) : r,s € R} represents a line. 

2) (-3,6,-2) = (-4,5,1) + (1,1,-3) and 

(-2,7,-5) = (-4,5,1) a Ody EIA )e 
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3) No 

4) Yes 

5) An infinite number 

You should be careful to emphasize the informal geometry 
that can help students visualize the process for finding 
equations of planes. In particular, when discussing 
Example 3, a diagram like the one below might help: 

¥, 

To find an equation for 7, find an equation for 1' and 
then use the translation that maps O onto A or B or C to 
find an equation for T. 

Assignments 

Exercises 1-5 and 8-10 are developmental and should be 

assigned. Exercises 6 and 7 show why the phrase "vector 
plane" is used to describe certain types of planes. 
Exercises 12-18 should not all be assigned for one home- 
work session. Be prepared for a number of different 
answers, each correct, for each of Exercises 12-18. As 
Exercise 19 shows, although vector representations may 
look different, they can represent the same plane. 

7.5 NON-PARAMETRIC REPRESENTATIONS OF LINES AND PLANES 

Purpose 

To relate parametric and non-parametric representations; 
to develop procedures for going from one representation 
to another. 

Getting Started 

It might be helpful to begin by recalling that students 
have studied non-parametric equations before, For example, 
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in R?, x+ Oy = 6 

x® + 2x - 3 

ye S Cabot oe 

« i] 

are non-parametric (or standard) equations for a line, a 
parabola, and a sine curve, respectively. In R*, the 
reason the equations are called non-parametric is that 
they are "pure." That is, the equations are given 
entirely in terms of x and y (or X, and X,, depending on 
how the coordinate axes are labelled). 

Using the Text 

Elimination of parameters and introduction of parameters 
are the two procedures that link parametric and non-para- 
metric forms, For your information, it is not always 
possible to eliminate parameters as in 

Prost. ara (ds Less (Opt) 

In this text, however, we do not include examples or 
exercises in which eliminations are not possible, 

Theorems 4% and 4 are important results. Students should 
understand that we have "constructively" generated lines 
and planes, we have represented them parametrically, and 
now via elimination of parameters we can conclude that 
lines and planes can also be represented non-parametrical- 
ly by linear equations. 

Introducing parameters is a little subtle. To introduce 
parameters requires that the system of non-parametric 
equations be in reduced form; that is, where some of the 

variables or components are each expressed in terms of 
the others. In the next section, students will see that 
the Gauss-Jordan method that they learned in Course III 
will transform a system of equations into reduced form, 
For example, the system 

xX, + X_ + Xs = 6 

Ce hel ihn tS 

cannot be put into reduced form directly. It is not 
possible to express, say x, and x, each in terms of xj. 
Me 

Assignments 

Exercises 8-12 present a more intuitive way to introduce 
parameters than does the reduced form process, The method 
is less general however and only works when you are able 
to identify beforehand the geometric nature of the system, 
Exercise 13 should be assigned. 
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7.6 VECTOR SPACES, GEOMETRY, AND SYSTEMS OF EQUATIONS 

Purpose 

To continue work with parametric and non-parametric forms; 
to relate the algebra and geometry of lines and planes, 

Getting Started 

Begin with Example 1 and discuss the geometric possibili- 
ties of the solution set. 

Using the Text 

The content of this section is an extension of work first 
introduced in Course III. The solution set of a system of 
linear equations may be empty, contain a single element, 
or an infinite number of elements. The content of 
Sections 7.1-7.5 will allow students to describe and to 
represent the solution set in various forms. 

If you feel students need to review the Gauss-Jordan pro- 
cedure, go back to Course III and work through some 
systems that have unique solutions. Point out that if a 
system of 3 linear equations in 3 variables has a unique 
solution, then geometrically we have 3 planes that 
intersect in one point. 

Assignments 

Exercises 1-4 are systems of equations to solve. The 
solution sets are either empty or have an infinite number 
of elements. You may want to supplement these 4 with 
additional systems with unique solutions. 

7.7 MEASUREMENTS IN SPACE 

Purpose 

To introduce the inner product of vectors; to relate the 
inner product to measurements in space, 

Getting Started 

Begin by discussing angles in space--angles between two 
planes, between two lines, between a plane and a line. 
In the case of two lines, the lines may be parallel, skew, 
or intersecting. Even in the case where two lines are 
skew, there is an angle between them; it is formed by 
projecting one of the skew lines so that it intersects 
the other. Floor, wall, and ceiling lines can be used to 
illustrate the angles between skew lines. 
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Using the Text 

In this section, we only discuss angles between lines 
although other angles in space can be handled in a 
similar fashion, Spend considerable time discussing the 
angles of triangular face ABC of tetrahedron ABCD. 

Assignments 

Most of the exercises should be assigned. Exercise 15 is 
particularly interesting for it shows that the inner 
product is not an associative operation, 

7.8 APPLICATIONS OF THE INNER PRODUCT 

Purpose 

To introduce the concept of work and to relate work to 
inner products; to develop a procedure for finding equa- 
tions of planes that are given in terms of perpendicu- 
BSG Vig 

Getting Started 

Begin by contrasting the difference between work and force. 
A layman's interpretation of work is often not the scien- 
tist's interpretation and the difference should be made 
clear. One exerts force to hold a 50 1b. weight over one's 
head, but no work is accomplished even though the holder 
might exclaim, "That was hard work!" For the scientist, 
work has a special meaning; it implies that force is 
exerted and an object is moved. If no motion occurs, no 

work is done, 

Using the Text 

The material of Section 7.8 should probably be developed 
over three days with the emphasis on work completed before 
beginning the material on lines, planes, and vectors 
normal to lines and planes. If you have time, you might 
want to discuss the unit normal form of a plane to help 
Simplify finding distances to planes, 

If 7 is represented by ax + by + cz = O, then we Know 
that 

1) (a,b,c) is normal to r 

2) |(a,b,c)| = Va? + b* + c? 

IL » a b c 

3) Je8tpere2 (2sb.c) = (Tesqpeyet -Taesb%be® ° Jaza2be) 
is a unit vector normal to T. 

Because of 3), if we rewrite ax + by + cz = O as 
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Jat +b* + ce 
we call the new equation the unit normal form for Tr, 
That is, we can determine a unit normal by observation, 

xX-Oyt+z 
Example, From 3x - 2y + z= 0, we get = 0 anda 

unit normal would be (Fp Nave zr) 

The unit normal form is convenient for finding the dis- 
tance that a plane is from the origin or from other points. 
Refer to any standard analytic geometry textbook for 
examples. 

Assignments 

Exercises 1-7 could be assigned for one homework session, 
Exercises 8-20 all relate to lines and planes; to supple- 
ment Exercise 14, you could review the relationship 
between perpendicular lines in a plane and their slopes. 
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EPILOGUE 

UNIFIED MATHEMATICS 

The major purpose of this chapter is to exhibit part of 

the unified nature of mathematics via Euler's Equation 

re = r(cosx + isinx) 

It is true that to develop the formula with mathematical 
rigor requires a good deal of analysis; however, it 
would be a shame to pass up an opportunity to relate 
exponents, circular functions, complex numbers, and 
vectors (all topics from this course) in the name of 
mathematical purity. This is not to say that we should 
develop the formula without recognizing the mathematical 
questions that are left unanswered and so, when appro- 
priate, students are told that although the results are 
correct, the development is informal. We hope that this 
Epilogue is a fitting conclusion to our Unified Mathe- 
matics: Course IV. 

SUGGESTED TIME SCHEDULE 

E.1 e Revisited 2 days 
E.2 elx 2-3 days 
E.3 Some Applications 2-3 days 
E.4 Summary 1 day 

TOTAL 7-9 days 

E.1 e REVISITED 

Purpose 

To introduce the infinite series representation for eo 

Getting Started and Using the Text 

Begin by recalling that in Chapter 4, we accepted as a 
dein. lon or 76, 

Car Ie \ya\ 
e = lim (1 + ea) : 

nwe® 

thatets,. cor ne lance, 

i IL ial 
MES roel 

87 



and hence 

eX wm ((1 + 3)7)* 
1\nx 

gay Wabable wend. 

e~ = lim (1 + oye 
n- p 

The preceding should be intuitively clear although we 
have not demonstrated that 

lim (1 + =)™ 
n-o 

does exist for any real number x. If your students have 
access to a computer system, you might have them investi- 

gate al + a)nX for various values of x (say x = 5,1,4,2) 

as n increases. The results should suggest that for each 

x, (1+ *)nx does converge. 

x2 x3 x4 E 

The proof that e~=1l+x + oT + 3T Bley as Te ete. de WSU Wl: 

considered when students study the Maclaurin series of a 
function in calculus. Without tools from calculus, our 
approach is to consider the expansion of ‘aa: xjm Bain 

m 
note what happens as m gets large (using the fact that 

+ ~ 0 as m~ ~), Although the development is informal, 

the results are correct. As an additional exercise, you 

could have students compare, with the aid of a computer, 

the sum of the first few terms of (1 + =m 

and large m year the sum of the first few terms of 
x? 

Rr mee aa ST + sy 31 + eee - Lhe difference should be small. 

for a given x 

Assignments 

Assign at least Exercises 1-3. Exercises 4-6 are optional 
but do review some relationships among circular and expo- 
nential functions; the results are interesting and hence 
the exercises should probably be assigned. 
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E.e e 

Purpose 

To suggest that eX 
alll 

re 

COS™ kes) San) exe and 

r(cos x + i sin x) 
HOM. Tex Le) R, 

Getting Started 

There is no a priori reason to expect that symbols like 

ect or et will have any meaning at all. Instead, appeal 

to your students! mathematical curiosities (we hope they 
have some) and consider extending the domain of f:x7~e* to 
include the pure imaginary numbers (those of the form 
bi, b # 0). A logical place to begin is with 

e* = lim (1 + =)" 
m~o 

Datel celery aepeye Swlokchvalwarabarse ale aoe of aeley faker 

e** = lim (1 + 
m-co 

albenyan 

oa 

Some authors simply take the preceding as a definition and 
get away cheaply. Our students, with their background of 
vectors, complex numbers, and so on, should be ready for 

the argument that is presented in the textbook. 

Using the Text 

Follow the sequence of steps in the text that suggest 

Axym 
m 

of magnitude 1 and direction angle x. The subtle part of 
the argument occurs in the last stages where we chose to 

as m gets large, (1 + approaches the complex number 

write O in two forms (because = ~ 0 and «,~ 0, 

xe 
m m d m ). 

Euler's Equation, re> = r(cos x + i sin x), has been 
called the most aesthetically beautiful formula in all 
of elementary mathematics. Certainly, the result that 

ent + 1e=6 0 

unites the historically important numbers (e,i,7,0 and 1) 
into one amazing result. Ask your students to think about 
rhe 
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Assignments 

Assign all of the exercises. In Exercise 10, students are 
asked to extend the development in the textbook to consider 

numbers like ec tri 

eo tri ef eet 
. Most students will probably rewrite 

pL OOkw Up ee in the table and write 

a er ee™t 

as 

x (7.39) (-1) 

id tl He 

The process is correct and comes from the definition 

ee e*(cos b + i sin b). 

Don't overdo the exercise, however, by introducing the 
preceding definition. 

E.3 SOME APPLICATIONS 

Purpose 

To present pom mathematical and non-mathematical appli- 
cations of et*, 

Getting Started and Using the Text 

In the spirit of unification and interrelationships among 
mathematical topics, this section reviews some previously 
introduced topics from a new point of view. The subsection 
on Electrical Circuits is optional for those students who 
studied about electrical circuits as part of Chapter 5. 

Assignments 

Not all of Exercises 1-10 need be assigned. Exercises ll- 
16 are nice and introduce new results. Exercise 18 asks 
students to verify that the laws for operating with 
exponents are still valid when the exponent is a pure 
imaginary number, 
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SOLUTIONS AND ANSWERS TO EXERCISES 

CHAPTER O 

Section 0.1 (Pages 6-9) 

as 

ne) 

WI 

= 

O) 

~] 

(a) 441 (g) a2 
(b) 147 (h) 44 

fo) 2 (i) Ae 
(d) -27 (7) As 
(e) ABS (k) 4x? + 3x - 8 

(f) 3 (1) rx - 5 = 243 
(a) A = 3.14#Rt2 (e) (2%*x+3)/(xt2-1) 

(b) C= 5.14") (f) (A-B)/(C-(D/E) ) 

(c) P= 2*L + 2*W (2) 3¥xt2 + 2%x+5 

(a) A= Ste 

(a) 2.5, not 2% and 3.25, not 3+ 

(b) 7*X + 3#*Y 

) 3250*76 
) 5/5 
) parens missing somewhere 

(f) nothing after t 

) 322 = 6} 

) 

) 

r*X 

VOHO x 15.4919 

(b) VB x 2.82843 

(c) V5.46 ~ 2.33666 

(d) V955 = 30.5778 

In the first case, the computer would go into a never- 

ending loop with no criterion for when to print an 
answer. 
In the second case, same problem although the computer 
would be getting better and better approximations at 
each turn through the loop, 

This program prints each successive approximation, not 
only the last. 

Errors - Line 20 LET Y = 3#A, RUN does not have line 
number 
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Output - 18 

8. Errors - No value assigned to A; probable correction 
4 READ X,A 

Output - 41.6 

9. Errors - RUN does not get a line number, no PRINT 
Output - If Z PRINT Y, output is 78.5 

10. Errors - 12 G@ TY occurs before PRINT, so the computer 
will simply report SUT @F DATA IN 10, having 
read each value of M in turn, but given no 

instruction on what to do with it. 
Output - If change line 15 to ll, 

AL 
26 
41 
2 
aor OF DATA IN 10 

In 11-15 various answers are possible. Samples are given: 

‘alee, Read in values a,b,c 

Subtract b both sides 

Multiply both sides by S 

: _ ¢c=-b 

Calculate ay 
A = 34.14-R? 

Increase 

N by 1 

zi 
Calculate 

C = 2¢3,14°R 

v 

ig 
4 



Vv 
Calculate 
a=tbes cs 

| 
Yes 

>| Print not 

Bi ina tds 

Printe aly Dac 

are pyth. 
triple 

Section 0,2 14-17 

ee erancouG wae bes 

SCALE CZNVERSIOZN 
FARENHEIT TY CENTIGRADE 

PICK A NUMBER 
? 212 (as example) 

FARENHEIT TEMP 212, EQUALS CENTIGRADE TEMP 100 

2. 10 INPUT A,B,C 3. 10 READ B,H 
20 LET X = (C-B)/A 20 LET A = 4*B*H 
30 PRINT X 30 PRINT A 
40 END 40 END 

4. 10 READ X 
20 LET Y = Xt2 + 5*x + 6 
30 PRINT Y [Note: More elegant methods follow 
40 GZ TZ 10 inglesoml<t] 
50 DATA -10, -9, -3, “T> -6, =D -4, ae Se =1 

60 DATA 0,1,2,3,4,5,6,7,8,9,10 
70 END 

ee Ose DN PU Ago 

AQ PRINT "Xto + 9°"; A+B; “*x + "3 A*B 
30 END 

" ily nln, w ih ' 20 Rupe Hwa 
30 PRINT N; 7 a 
40 GB TS 20 
a DATA Dees 5545 Shore are r, LO 

END 

op) 



Tho 

8. 

10. 

Betts 

ses 

13. 

14, 

15. 

ley 

ais 

18, 

19. 

10 INPUT A=B=C 
20 PRINT "X = "; (A*C)/B 
30 END 

10 INPUT A=B 
20 LET Y = 100*(A/B) 
30 PRINT A; "IS"; Y; "PERCENT OF"; B 
40 END 

10 INPUT C 
20 LET F = 1,8*c+32 
30 PRINT "C="; Cc, "Fa"; F 
40 END 
10 INPUT Y 
20 LET M = Y*(36/39.37) 
30 PRINT "YARDS"; Y, "METERS"; M 
40 END 

10 INPUT P 
20 LET @ = 16*P 
30 PRINT @ 
40 END 

In 12-20 many different REM and PRINT statements are 
possible. We give only selected samples here. 

This program averages 5 numbers. It might be elabora- 
ted as follows: 

REM AVERAGE 5 NUMBERS 

PRINT “ENTER 5 NUMBERS" 

INPUT A,B,C,D,E 
LET Y = (A+B+C+D+E)/5 
PRINT "AVERAGE Omit: A3 ne " BS at ws (ale oh uke Cs bes " 

sBs TES Y 
DOAFNMH 

10 END 

Calculates slope of XY, given coordinates of X,Y 

Prints squares of the given numbers 

Converts a given number of feet to inches, yards, 
and meters 

Sums the squares of the first 10 odd whole numbers 

Calculates circumference and area of circle with 

given diameter 

Prints a matrix, given the entries, and 3 times the 
matrix 

Calculates mean and variance for a set of 5 numbers. 
Add statements: 

10 REM MEAN 
15 PRINT "ENTER 5 NUMBERS" 
AO PRINT. "MEAN GF"; A; BECsDsBe "IS"; > M 
45 REM VARIANCE 
60 PRINT "VARIANCE IS"; V/5 
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20. 

Pl, 

ee. 

e5. 

24, 

QO. 

Prints X* for given numbers 

This procedure is simply a formalization of solving 
linear equations by elimination. 
@ Multiply first equation by g, then subtract c times 
n~it from the second equation b 
2 Multiply second equation by Tad-ba)’ then subtract — 

times it from first equation$®¢-°4 - 

10 READ A;B,C,D,E,F 
20 LET M = A*D-B*C 
30 LET X = peas /M 
35 LET Y = (A*F-C*E)/M 
LOCPRINT: (xe Mey Vyee sy, 

fa) x= 11, y = -6 (b) x ="42207 4 ay] 1595376 
e) x = -1, 47826, eee 78261 (a) x = 94, y = 34 

10° PRINT VN"S) Ni" 
20 LET Fila 1 
30 READ N 
40 LET F = N*F 
50 PRINT N; F 
60 GZ TH 30 
MOUDATA) eo) 5.1.5 OriaaOn, 10,0 dos lo sas 
80 END 

Section 0O. PP, 23-26 

(a) No [NEXT X] instruction (b) This is all right. A 

(a) 

(a) 

(a) 

between 200 and 250 to 
close loop 

All right as is. Note 
60° and (-60)* dominate 
the expression, so this 
is a reasonable range 
to explore. 

To avoid repeat print of (b) 
headings, make 
[05 PRINT "FARENHEIT", 

"CENTIGRADE" J 
[40 LET C = Ct5] 

[30 LET X=S+It2] 
Better printout if 
[05 PRINT "N", 

"SUM It2 TH N"] 

(a) All right, except more 
descriptive 
[34 PRINT "ABSSLUTE 

VATUE On sx 21S) 3 | 
[40 PRINT "ABSZLUTE VALUE 

OF"; Xe BT Qty X] 

She) 

better print form would 
result from including 
[50PRINT x Yo eand 
[300 PRINT X; Y] 

(b) FOR/NEXT loop done 
incorrectly. 
[10 F@R oe TS 60] 
[25 GS TS 35) 
35 NEXT X] 

Interchange instructions 
now in 25,30 or will 
print «torsc=105 

[15 LET F&(9/5) *C+32] 

Loops crossed by 40 and 
50. After each sum to 
N, must reset S at O 
[47 LETS =5 0} 

Faulty decision in 40 
[40 IF Y < X THEN 45] 

[42 PRINT Y] 

[44 Go TSP 50] 



6. For the program in Exercise 1(a) 
100 LET X = -10 
150 LET Y = Xt2+5*X+6 
200 PRINT Y 
250 LET X = X+1 
300 IF X > 10 THEN 400 

350 GY TP 150 
END 

For the program in Exercise 4(a) 
al 10 LET N= 

15 LET S = 0 
COM LE beard 
30 LET S = S+Lte 
40 LET I = I+1 
50 IF I > N THEN 65 
60 GS TS 30 
65 )PRINT "Ns "s°N, “SOU IS"; "Ss 
70 LET N = N+l1 
80 IF N > 20 THEN 100 

90 GY TH 15 
100 END 

7. Loops overlap in (b). This won't run. 

8. (a) —5 (b) loops cross; this won't run 
>9 correctly. 
E oo 

13 >9 
15 11 
17 13 

15 
i, 

9. 

10% 

Mls 

In 9-27, many programs are acceptable. Encourage variety! 

10 
20 
30 
40 
50 
60 

10 
20 

PRINT "SZLUTIGNS ARE" 
FOR X = -20 TY 20 
IF (X-3)< = 5 THEN 50 
PRINT X 
NEXT X 
END 

PRINT "S@LUTIZNS ARE" 
FOR X = -10 TH 10 
LET Y = 3*Xt2 + 5*X -4 
LET Z = Xt2 - 4 
IF Z = O THEN 8O 
IF Y/Z <>2 THEN 80 
PRINT X 
NEXT X 
END 

LET X = 10 Generalize by replacing 2 with m 
IF 2tX > 100000 THEN 50 
LET X = X+1 
GO TS 20 
PRINT "20"; Xi) “ete tx 
END 
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a2. 10 
20 
30 
4O 

NOTE: The comma after Nfte, 

15. 10 
20 
30 
40 
50 

a5. 10 
20 
30 

FOR N=1l TG 79 STEP 2 
PRINT Nt2, 
NEXT N 
END 

make succeeding prints 
in 20 will lead computer to 

on the same line until 

full. Then it shifts to the next line. 

FOR N=1 TP 1000 14, 10 
LET X=S+1/N 20 
NEXT N 30 
PRINT. “© 40 
END 50 

PRINT "METERS"; "YARDS" 
FOR M, 100 TY 1500 STEP 
PRINT M; (39.37/36)*M 

PRINT "MILES"; "KILOMETERS" 
FOR M=O TZ 100 STEP 5 
PRINT M, (5/3) *M 
NEXT M 
END 

100 

*5000 
#10000 

40 NEXT M 
50 PRINT 3000; (39.37/36) #3000 
60 PRINT 5000; ee 
70 PRINT 10000; (39.37/46 
80 END 

16. This can be done with the following program: 
10 LET N=1 
20 LET S = N*1000 + S 
30: IFS’ > = 75000: THEN 60 
4O LET N = Ntl 
50 GY TS 20 
60 PRINT N; "WINS PAYS*; S 
70 FORM, 1 TP 20 
80 LET T = T+M*1000 
90 NEXT M 

100 PRINT "20 WINS PAYS"; T 
120 PRINT "DIFFERENCE IS"; T-75000 
130 END 

tion (b) is better if he wins 12 or more games 
($78,000). For 20 wins he will earn $210,000. 

17. ¥ (oeg41) = NP 

A program would be: 
10 PRINT "N"; "SUM @F FIRST N SDDS" 
20 FOR N = 1 TH 10 
30 LET S = O 
40 FOR J=1TON 
50 LET S = S+(2*J+1) 
60 NEXT J 
70 PRINT N; S 
80 NEXT N 
90 END 

18, 10 FOR N= 1 TY 50 
20 LET S = S + ((-1) t(N+1))*(1/(2*N-1) ) 
30 NEXT N 
40 PRINT "Pl IS ABOUT"; 4+#5S 
50 



19. 

BO. 

ai 

2a 

23. 

24, 

ao 

PRINT “SQUARE FEET"; "SQUARE INCHES" 
FOR F = 1 TY 10 
PRINT F; 1444*F 
NEXT F 
END 

PRINT "SQUARE FEET"; "SQUARE YARDS" 
FOR F = 10 TW 500 STEP 20 
PRINT F; F/9 
NEXT F 
END 

PRINT "GIVE PRICE IN SQUARE FEET, DOLLARS" 
INPUT F,D 
LET Y = F/9 
PRINT "C@ST IS"; D/Y; "“D@LLARS PER SQUARE YARD" 
END 

PRINT "S@LUTION PAIRS" 
PRINT ity " ; ity 

FOR X = O TH 20 
F@R Y = O TS 20 
IF 3#X + 2*Y > 5 THEN 70 
PRINT X; Y 
NEXT Y 
NEXT X 
END 

PRINT "S@LUTIONS ZF ABS(X-5)<3" 
FOR X = -20 TY 20 
IF ABS(X-5)>=3 THEN 50 
PRINT X 
NEXT X 
END 

READ Y 
FOR N= 1T09 
READ X 
IF Y >= X THEN 60 
LET Y =.X 
NEXT N 
DATA -20,32,-14,-8,12,43,95, -18,0,22 
PRINT Y; "IS LARGEST" 
END 

PRINT "PYTHAG@REAN TRIPLES" 
PRINT Ubi vs esis We A 

FOR X = 1 TH 25 
FOR Y= 1 TH 25 
LET Z=1 
IF X42+Y12<Zt2 THEN 90 
PRINT X; Y; Z 
GG TS 120 
IF Xt2+Yt2<Zt2 THEN 120 
LET Z = Z+1 
GZ TS 60 
NEXT Y 
NEXT X 
END 98 



26. 

7. 

28. 

29. 

20, 

NOTE: An easier version using INT(X) and SQR(X) can be 
done later in the chapter. This is also much more 
efficient: 

10 FOR X = 1 TH 25 
20 FOR Y= 1 TH 25 
30 IF INT(SQR(X t2+Yt2) )<>SQR(X t2+Yt2) THEN 50 
HOPPRINT X50 Y5s-2 
50 NEXT Y 
60 NEXT X 
70 END 

D 
SOlPRING “RATE";) “INTEREST” 
30 FOR R = .03 TM .08 STEP .005 
40 LET I = D*R*1 
50 PRINT R; I 
60 NEXT R 
70 END 

10 LET P = 100 
20 FOR N= 1 TY 20 
30 LET P = P + .0125*P 
40 NEXT N 
50 PRINT P 
60 END 

(3} (AL. =) (2) & 3.) Cree %) 
Sit 5 -5 -12 -.5 i oS 

(4) No inverse, ad-bc=0 (5) /.230769 -.153846 
.153846 .230769 

Must include ad-bc#0! 

10 PRINT ont: eh a: 

LoeteT Ss =) 
20 FOR N= 1 TY 10 
30 LET S = N*S 
40 PRINT N,S 
50 NEXT N 
60 END 

Section O.4 (PP. 32- 

1. 2.34578E-6 2. 453987E+4 3. 47890.6 4. -907846E+5 

5. 567839 6, -234.568 iss 355555 9S. LOOOSCRIS 

9. 107374E+4 10. 832120E+4 11. 5200 12. 6432100 

13. .000004567 14, 4536210000000 15. .00000657 

16. 92000 17. 6800 18. 400 19. XYE(N+M) 

20. (X/Y)E(N-M) 21. He PRINT. "'X="s X11) 

CMe 

40 LET B = Yl - M*XljJor[Y2-M*X2] 

a 
b 
c 

1.5*X +0 
-,6*X + 2.6 
1.92308E-2 *X+-3 .19769 

a4 
x 
Y tou 

oe) 



alle MESH 
10 INPUT N,R 
15 LETA=1 
20 FOR X = N TM N-R+1 STEP -1 
30 LET A = A*X 
40 NEXT X 
45 °LET Be 1 
50 FOR Y = R TG 1 STEP -1 
60 LET B = BY 
70 NEXT Y 
GO LET C = A/B 
90 PRINT N; "BIN@MIAL"; R; "="; C 

100 END 

(a) 120) “(b) 28) 9 (eyelid) Since’ Riz 0, both toons 
are skipped and output 
is 5 BIN@MIALO=1. 

24, By hand Ge) = 15504. Answers by computer will depend 
on machine capacity. 

Section O. - -38 

1. 10 INPUT A B 
20 FOR X = -20 TS 20 
30 IF ABS(X-A)<>B THEN 50 
40 PRINT X, 
50 NEXT X 
60 END 

2. Same as 1. with new [30 IF ABS(X-A)>=B THEN 50] 

Da @) {x:]x-5=8) = {x:x-5=8 or x-5=-8} 
= {x:x=13 or x=-3] 
= {13,-3} 

@) {x:|x-5]<8} = {x:x-5<8 and x-5>-8} 
= {x:-3<x<13} 

4, 10 INPUT A,B 
20 PRINT "X= "; BtA; "OR" ; BeA 
30 END 

= alt -3 

{x: distance x to -4 is more than 1} 

7. One helpful program would be: 
05 PRINT "ABS(A+B)"; “ABS(A)+ABS(B)" 
10 FOR A = -10 TY 10 
20 FOR B = -10 TH 10 
30 PRINT ABS(A+B); "ABS(A)+ABS(B) 
40 NEXT B 
50 NEXT A 
60 END 

True relationship is |atb|< |al[+|b|. Equality holds 
if a,b have same sign or if one is 0. 
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As in 7 with revised lines 05 and 30. 

¥a,b |a-b] >a] -|b| 
INRUT S20 Yk, ye 
PRINT ABS(X2-X1) + ABS(Y2-Y1) 

130 
140 
150 
160 
165 
LTC 
180 
190 

END 

INPUT X1, Yl, x2, Ye 
PRINT SQR((X2-X1)t2 + (Y2-Y1) t2) 
END 

INPUT Xs Yee 
PRINT SQR(Xt2 + Yt2 + Zt2) 
END 

READ P 
LET Dl 
LET D2 
LET D3 
PRINT 
PRINT 
PRINT 
IF Dl 
PRINT 
PRINT 
PRINT 
PRINT 
Gg Te 
PRINT 
PRINT 
PRINT 
PRINT 
PRINT 
Gg? Te 

1, Pes 

SQR 
SQR 
SQR 

"IF P= 
eles 

ee tt 
3 eeTO ey ye THN | 

Sl, S2, 
S1-Pl 
T1-Sl 

q 
T1-Pl 
Pigs 

Tl, 

emer 
eps! 

+ D2) oe DS THEN 150 
"TRIANGLE INEQUALITY FAILS" 

" 

" 
PS + ST < Pr" 
nS 

- 

170 
"TRIANGLE INEQUALITY HOLDS" 

"t 

" 

10 

Dis wit 
3 D2; 

Pe test Se PT 
D1; a De; "S= Lis D3 tt, 

3 

T2 
VW Sr 
We Se T2-S2 

Te-P2)t2 
)s Se (351s tas ees Lien (0; 

S2-P2) te 
te 

Me ie D3 

DATA 2,3,5,8,7,-2,-15,3,5 4, 0,4, -3 
END 

13. Using the program of 12 with ABS in place of SQR and 
no other changes, students will discover that the taxi 

metric does satisfy the triangle inequality. It does 
not have the usual euclidean property that equality 
holds iff the points are collinear with S between P 
and T. Have students explore this for some related 
generalization. 

LET Dl = ABS(S1-P1 
LET D2 = ABS(T1-S1 
LET D3 = ABS(T1-P1 

DEF FNF(X) = Xt3 - X 
FOR X = -5 TP 

+ ABS 
+ ABS 
+ ABS 

5 
PRINT X, F(X), SGN(F(X)) 
PRINT '<,. U(x)" (SIGN F(x)" 
PRINT 
NEXT X 
END 
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15. 

Gs 

Lis 

ier, 

20. 

ewe 

INPUT N 
IF_INT( (N/3 ) 2 we THEN 50 

T PRINT i DGES N 
Gg TS 60 
PRINT N; “=3* "; NA 
END 

INPUT N,M 
IF INT(N/M)=N/M THEN 50 
PRINT M; "D@ES N@T DIVIDE"; 
Gg TS 60 
PRINT N; "/"; M; “="3 N/M 
END 

DIVIDE"; N 

M 

PRINT "FACTORS ZF"; N; "ARE" 
INPUT N 
FOR X = 1 TO N/2 
IF INT(N/X)<>N/X THEN 50 
PRINT X, 
NEXT X 
END 

INPUT N 
IF INT(N/2)=N/2 THEN 
FOR X = 3 TO SQR(N) STEP 
IF INT(N/X)<>N/X THEN 60 
Gg TS 90 
NEXT X 
PRINT N; "IS PRIME! 
Gg TS 100 
PRINT N; "IS COMPOSITE"; 
END 

PRINT 2, 
F@R N = 3 TY 500 STEP 2 
FOR X = 2 TS SQR(N) 
IF INT(N/X)= cee THEN 70 
NEXT X 

M 
N TO N*M STEP N 
M TO M*N STEP M 

I¥ X = Y THEN 70 

PRINT X; “a's -X/N; "ae"; 

LET X = N/J 
IF X<>INT(X) THEN 70 
IF MX = 
NEXT J 
PRINTS GOD PLS a sk 

102 

ay 

N; 

N; 

INT(M/X) THEN 8O 

mot. 
ay AMS 

3 
", xX; 

3 

Woe tt, 
* ’ 

Meggett, 
3’ 

NX 

M 



22. 10 PRINT "DEGREES"; "SINE"; "COSINE 
20 DEF FNR(D) = 3. 1416*(D/180) 
30 FOR D = O THY 180 STEP 10 
40 LET X = FNR(D) 
50 PRINT D, SIN(X), COos({x) 
60 NEXT D 
70 END 

23. For a suitable program change 22 as follows 

10 PRINT "DEGREES"; "COSINE(X)"; SINE(90-x)" 
30 FOR D= 0 T9 90 STEP 9 
50 PRINT D, COS(X), eaten 1416/2-x) 

iene GMOE e5 (ees) 6 > Suldal Skee 

sin (40-¥) 

(cos qo-¥, sin Ta) 

(cos¥, Sin) 
¥ 

a 
cosy 

24, 10 INPUT A,B,C 
20 LET R = 3.1416*(C/180) 
50 LET Cls= SQR(At2 + Bt2 - 2#A*B*COS(R)) 
40 PRINT Cl 
50 END 

PS. (a) 5 (b) = 5.7 (c) ~ 6.46529 (dad) « 10.86 

26. 10 INPUT A,B,C,Al 
20 LET A = 3.1416%*(A/180 
30 LET B = 3.1416*(B/180 
40 LET C = 3.1416*(C/180 
50 PRINT "Bl="; me Fa 
60 PRINT "Cl="; A1*SIN(C)/SIN(A 
70 END 

Paes eplveo.66 0 b)sbia~ Loli) ia (c)) Bly «21.02 
(Gil 3 ANG) (Gall py dial Cl = 44 

28. (a) 10 DEF FNC(I)=2.54*I (b) 10 LET X=2.5413 
20 FOR I=1 TO 40 STEP 2 20 DEF FNC(I)=X*I 
30 PRINT I, FNC(I) 30 FOR I=1 TY 100 STEP 10 
40 NEXT I 40 PRINT I, FNC(T) 
50 END 50 NEXT I 

60 END 

29. Rounds of any given number according to usual rule. 
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Section 0.6 42-4 

ees es 20s O Direyiee ee) 4, -12, -13 5. -13, -13 

6. 234560 7. 234560 S50 9. -245670 10. 0 

11. FNR(X) is the usual round-off procedure--round to the 
nearest whole number. FNR(X) = X, IFF X,-.5<X<Xot.5. 

3 R(x) 

122 HS, 020)) 2S. .5) 14s 50 15.5505 te ase 

fm Se Sotelo. 2 10st S = 20) Toot. aie 

ae) 25 ao 24. 0 

Normal graph is 

5 

aoe 

In 13-25, the continuous graphs are given here: 

25, 26. 
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2) I 34. Intersection is (1 
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Section 0.7 48-52 

1. Program: 05 DIM A(4,4), B(4,4) 
10 MAT READ A,B 
20 DATA Zyl 25-2250, 1, bO,-1523 050 
30 DATA -3,4,1.1, .4,-3,4,2.1,-.556 
40 DATA 12,-3,4.1,0,0,1,0,-3,-6,-5, 82 

50 MAT C = A+B 
60 MAT D = (2) *A 
70 MAT E = A-B 
80 MAT F = A*B 
90 MAT G = INV(A 

100 MAT H = INV(B 
110 MAT J = TRN(A 
115 MAT K = TRN(B 
120 MAT PRINT C; D; E; F; 

130 MAT PRINT G; H; J; K; 
140 END 

2. Program: 10 DIM A(3,3), B(3,3), M(3,3) 
20 MAT READ A,B 
SO DATA 1,255, 45550573059 
4O DATA -9,9;7,6,5,4,5,251 
50 MAT C = A+B 
60 MAT D = A-B 
70 MAT E = A*B 
80 MAT F = pe 
90 MAT G = INV(B 

100 MAT H = (-1)*A 
110 (MAT Mi= ZER 
120 MAT I = A+M 
150) MATE PRINT Cs D> ESP; 
140 MAT PRINT G; H; I; 
150 END 

3. Program: 10 DIM C(3,4), D(4,3) 
20 MAT READ C,D 

30 DATA 1,2,-5,2,2,3,8,1 

4O DATA 5235-55551, 5255 

50 DATA 0,-4,3,2,7,1,6,9,8 
60 MAT E = C+D 
70 MAT F = C*D 
8O MAT G = INV(C) 
90 MAT H = (3)#*C 

100 MAT I = TRN(C) 
110 MAT J = (-1)*C 
120 MAT PRINT E; F; G; H; 
1530 MATOPRINT Ids 
140 END 

ey) G 2 (b) fe ) ae 7132333) 

el) 
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OTIS 
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(a)x=4, y=2, 2= -3 (b) x = 2, y = -3 
(c) x =-1, y=4, z=3 

HHA + 36B = 780, . , _ 7 te yee aS: Ba lo 35 

(ee (Roe me (a) oT eed) ee eee) (Gt) | 
(elon (ner 
OUDINAL SP eBt es yc ©) 
20 MAT READ A,B,C 
30 MAT D = C-B 
40 MAT E = INV(A) 
50 MAT F = E*D 

60 MAT PRINT F 

70 DATA 
80 END 

Liquid Vapor r5/6 1/6 

.Dayl [51 19] = [60 ‘Vag fi 
al Day 2 [44.4 25.6] = [52 tO Ee sd 

Day 3 [39.56 30.4%] = [44.4 25,6] 3710 Pies 
Day 4 [36 34] = [39.56 30. pekict iia cise 
Day 5 (33.4 36.6) = [36 341]2/8, 479, 

Rotation 90° /0 7) Reflection y=x G 3) 
At O LO 

(a) 180° rotation/ 0 -1\ (b) 270° rotation (oy Wak 
-1 (@) -1 O 

Ne 2) sirens Ole “o) rotation 90° 

Message Matrix 12 Oo 19 
Teeo YO 
ey alee 7! 

Coded Message 83 86 96 
34 64 61 
34100 35 

Decoded Matrix 02-26 a3 
O 24 26] —> Message: A DAY OFF 

14 5 5) 

Decoding Matrix j, 6 6 - 
es i = ; if you did it by hand. 



12. Averages: 

Program: 

#13. Program: 

10 
20 

Oe ae eo 3 

Pere ete wee 
WS 2 2.64286 
Ly 36666 3  .985714 
ayo 
2.96666 
CCD EEE) 
1.233533 

DIM A(7,3) 
MAT READ A 

LET Oey. 
) 
1 TP 3 
S+A(I, J) 

AN FUN 

ae Tae P| 

yy 3 Cy 
1} ee |e | 

PRINT "DAY"; I; "AVERAGE"; S/3 

ITs 3 
0 
Ibe MRO We 
T+A (M, K) 

ray S K-4 
nou wl 

NEXT M 
PRINT "LOCATION" M; “AVERAGE” T/7 
NEXT K 
END 

DIM A(535)5 «B(5,3)s. -C(5,3))., D(ay2) 
MAT READ A,B,C,D, 

DATA 30,33, 17, Ts les Oy 20, 2077.00.90, 12 

DATA 8,6,4,12, ee 4, ae 14, eae. era ved we 

DATA 11, 17,654 ay 37,48, 8, 6, 12, iG 17.15 
DATA 14? 1939 ,20, 10,9, 11,7500, 10000, 14500 

REM SALES V@LUME 

MAT X = A*D 
MAT Y = B*D 
MAT Z = C*D 
PRINT "SALES BY ZFFICE AND M@NTH" 
PRINT 
PRINT "JANUARY" 
MAT PRINT X 
PRINT 
PRINT "FEBRUARY" 
MAT PRINT Y 
PRINT 
PRINT "MARCH" 
MAT PRINT Z 
REM AVERAGES YF UNIT SALES 
PRINT 
MAT M = A+B 
MAT M = M+C 
MAT V = (1/3) *M 
PRINT can SALES BY M@DEL AND @FFICE" 
PRINT 
MAT PRINT V 
MAT S = V*D 
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170 PRINT 
180 PRINT "AVERAGE D@LLAR SALES" 
190 MAT PRINT S 
200 PRINT 
201 FOR IT=1T% 5 
210 LET T = T+S(T,1) 
220 NEX ee 
230 PRINT "TZTAL QUARTER SALES" 
240 PRINT 3*T 
250 END 

Print Out: SALES BY @FFICE AND MONTH 

JANUARY 

726500 
288500 
321500 
339000 
178000 

FEBRUARY 

648000 
556000 
323500 
439000 
128500 

MARCH 

873500 
324500 
460500 
662500 
324500 

AVERAGE SALES BY M@DEL AND %FFICE 

23.0 34.0 16.3333 
4.0 12 .6667 14.0 

18.0 oe bb ee 9.66667 
il Pi fb: 14 £3333 16.3535 
8.0 6235355 6.0 

AVERAGE D@LLAR SALES 

(19999 « 
389667. 
368500. 
480167. 
210333. 
TOTAL QUARTER SALES 

6 .594E+6 

14. 10 DIM A(M,N) 
20 FOR I=1TOM 50 NEXT J 
30 FOR J=1TTON 60 NEXT I 
40 READ A(I,J) 70 DATA 
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Review Exercises . 53-54 

Wg Bueccys 2 Brurig serene 2 3. No comma used between IF THEN 

4, No LET for matrix commands 

5. Al0, All not allowable variables 

6. 7<=X, no GM TY with IF THEN 

T. 3*(Xt2) - 5*X+2 8. (5*X+7) X13 9. (2/K + 3) 15 

10. ABS(ABS(A) - ABS(B)) 

11. 05 REM PRIME SEARCH 
10 DIM P(500) 
2OeLETSE (1) aso 
SOCLET P(2) t=—5 
35 REM J COUNTS PRIMES 
40 LET J = 2 
50 FOR N = 5 TP 10 OOO STEP 2 
60 FFRI=1TWI 
70 IF INT(N/P(I)) = N/P(I) THEN 110 
80 IF P(I) > SQR(N) THEN 90 
85 NEXT I 
90 LET J = J+1 

100 LET P(J) = N 
110 NEXT N 
115 REM PRINT PRIMES 
120 FOR I=1T JI 
130 PRINT P(T), 
140 NEXT I 
150 END 

12, 10 REM HEX PERIM, AREA 
20 PRINT "SIDE PERIMETER AREA " 
30 INPUT 
40 LET P = 6*S 
50 LET A = 6*(St2) #(1.732/4) 
60 PRINT S, P, A 
70 END 

13. 10 INPUT M 
20 PRINT "METERS FEET-INCHES" 

~m 

30 LET I = 39.37M 
FOOLET) P= INT CL/12)) 
50 LET I = [-12*F 
COsPRINT AM, Meat. 
70 END 

14, Introduce the following steps: 
25 FOR M= 5 TY 6 STEP .05 
65 NEXT M 

Delete 10 

15. 10 FOR X = -10 TH 5 
20 IF 3*X+5 > 8 THEN 30 
25 PRINT X, 
30 NEXT X 
40 END 

ale le) 



ae LO 

100 
110 
120 
130 
140 
150 
160 
170 
180 
190 
200 
210 
220 
230 

Actual 

ite oe 

PRINT iy Le Nyt 

FOR X = 1 TW 1l 
FOR Y= 1 TY 1l 
IF ABS(X-6)+ABS(Y-6)>5 THEN 50 
PRINT X; Y 
NEXT Y 
NEXT X 
END 

DEF FNF(X) = SQR(ABS(X)) 
READ A,B,S,C,D,N 
DATA -16,16,.5,0,4,40 
LET H = (D-C)/N 
PRINT "Y-AXIS FROM" C; "TO" D; "IN STEPS OF" H 

graph looks like: 

tO DO) 2 ¥= (> c= > 

19. |Jal-|d]| < Ja-b| 
20. 10 

20 
30 
40 
50 
60 
(68) 
80 
90 

100 
EG 

DIM A(10,10) 
FOR I = 1 TY 10 
FOR J = 17TH 10 
IF J < I THEN 70 
LET A(I,J) = J-1 
G? TS 80 
TET CA (I, 3) x= a2 
NEXT J 
NEXT I 
MAT PRINT A; 
END 

a Fas 



el LORINEUL 
20 LET S 
30 LET S 
40 LET S 
50 PRINT 
60 LET P 
(0 LET P 
80 LET P 
90 PRINT 

100 END 

Note: Lines 40 and 80 are roundoff instructions in 
case the roundoff in earlier calculations has 

left non-integer values for S and P. 

(a) sumf -1 3.1\ difference/ 5 2.9 
Openlias -8,2 -1.3 

product/15.6 19.1 
39 31.4 

(b) foe) Ce) Doro’ 
s oo o] difference Se LOr12 

fol oe) an) 1618 
. 

sae GS TN 
product / -66 -81 -96 

-102 -126 -150 

((a#3) /26) zr (a+) /26) 

(s+, 5) 
B; Le, Ms S; " MOD 26" 

" (As) /26)- -INT((A*B)/26) 

Aes 5) 
F B; "="; Pp; "MOD 26" Pil i > I nae 

CHAPTER 1 

Section 1.1 -59-60 

Ee ae a i Bae ead a: 1 
oe oP ic vie ts 2. 1, qs 5 WB Be 

dk ak ie sa a 3) iy» 5 4. 6, -2, 2,6, 10 

Be ls Ves No, 2, 95 Cegas Cre AaB 
7. 2, 2, 2, 2, 2 (This is a constant sequence; it is a 

special case of a constant function.) 

6.2, 8). 166 se Oi in Sl Go 1G aso 
BW etl po tory elope aks ll. yes; a, = |n-5| 

12. nos The domain is° (2,4,6, 8,10, 12,14,16,10,20!)0 net 
the proper kind for a sequence, 

13. yes; a, = 3n? + 5n - 6 

14. 10 LET N=1 
20 LET A = 3#*N+20 
30 IF A >= 500 THEN 70 
40 PRINT N,A 
50 LET N = N+l 
60 GS TY 20 
70 END 

il 
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ee hOrw a 
For a 

en-1, the first four terms are 1,3,5,7 
(n-1) (n-2)(n-3)+2n-1, the first four terms 
ares). 555715. 

The lesson of this exercise is that listing some 
terms of a sequence does not determine the sequence, 

_ n-1 Pana 16. a, = 2ntl 17. a, = (-1) Vigo a, = 2 

n 

n 
Hil 

19, a, =n(ntl) 20, a, = 1, a = n(a,_,) when n > 1 
n n 

pl. 8 = aig + 801, (n> 2)3 8) = 1, a, = 1 

22. a = A(-z)"-1 23, 21, 34, 55, 89, 144 

24, 10 LET Al = 
20 LET A2 = 3 
30 PRINT 1, Al 
40 PRINT 2, A2 
50 LET N= 3 
60 LET A3 = A2 + Al 
7O LET Al = A2 
80 LET A2 = AZ 
90 PRINT N, A2 

100 LET N = N+l 
110 IF N < 21 THEN 60 
120 END 

25. Let a be the first term, and b the second. Then the 
first ten terms are: 
a, b, atb, at2b, 2at3b, 3at5b, 5at+8b, 8at+l3b, 13a+21b, 
2lat+34b. 
The sum of these terms is 55a + 88b. Note that the 
seventh term is 5a+8b, and 11(5a+8b) = 55a + 88b. 
Therefore you can find the sum of the first ten terms 
by taking eleven times the seventh term. 

Section 1.2 -65-68 

“Bae pone SEG ES pee): Cleo UY peal 8 eae 
Be 1; 3, 9, -27; Bis (Cees 

eed aerate eles . & 9 1353 4(g)"-* 
: n-1 BLOmnLO 7 lyn-1 

5. 6000, 60000; 6(10) 6. 3? “G3 144 (3) 

7. 486, 7293 144(g)P-t B. -5, 53 (-1)97'5 
9, 8(2°) = 512 10. 8(2)° = 5 

11. We want 2, x, 72, where 5 Ss — Thus x* = 144, and 

x = 12, -12 is also a possible solution since 
2, -12, 72 is a geometric sequence with r = -6, 
However the geometric mean of two positive numbers 
a and b is usually defined as the positive number x 
such that a, x, b is a geometric sequence. Thus, in 
general, x = abe 

sai 



12. J¥8, or W3 13. Vab 

x a a? ae 
14. hee So ’a =v xy, x = ee) Ne oe 

15. (AD)*°+°(cpD)* = Rane and ree + (CD)* = 9 
“~ 10(AD) = 32, = 3.2, BD 
Also (cp)? = oe ey cle B\rs 5. ae DC = 2.4 

LG 

hfe 

a3; 

19. 

20. 

29. 

30. 

mY he 

- Not geometric. 

The sequence is 50000, 50000(1.1), 50000(1.1)?, . 
The fifth term is 50000(1.1)4* = 73205 

6000(.85)* = $ 4335 

Geometric; r = 5 Converges to O 

Geometric; r = -2 Does not converge 

Geometric; r = .9 Converges to O 

Geometric; r = -1 Does not converge 

Geometric; r = -% Converges to 0 
2 

Converges to O 

Not geometric. Converges to 5 

(a) n= 11 (6) n="1001 | (c) n= 15 000,002 

Answers vary 
n=- 

Yes. The sequence a,c, a,cr, a,cr*,..., a,cr 
is geometric. The common ratio is r. 

ye 

n-1 + + 24. 

is not geometric since 
eeoey 

ee 

atCig eels 

arte 1 a,retc 
a,c ayrte 

10 FOR N = 1 TY 50 (Note: To most computers, 

30 TET A2 = een 1 +2799 = 1, This is called 
40 PRINT N, Al, A2 round off error; 1 + 275° 
50 NEXT N ‘ rounded to the seven or ten 
60 END digits your computer may hold, 

is exactly aie 

The first term eK 7. The second is 2 (Sr) 

The third is 4 (qr) 

Te 

wT. In general, 
n-l1, 1 

cog een 
Thus the sequence is the constant sequence 

Ty Wy Wy ees 

which converges to T. 

The sequence here is ue re eeey Where an Sali 
en. 

This sequence converges to O. 
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Section 1.3 pp.72-74) 

(0) i. 10 LET S 
20 FOR X = 1 TY 50 
fe Iie Sea Soe 

O NEXT X . n(n+1) _ 50(51) _ 
50 PRINT § Formula: 5 = 3 a3 des 

60 END 

D, ZOOL OF = 5050 E0008 1001 E500 T 500 

4, 28 = (n+1)+(n+1)+ ert = n(n+1) 

n(n+1) n addends 

2} 
Ste SS 

5. The sum of the first n even integers is the product of 
n and site 
n=5: +4 +6 + ...4+ 10 = 30=5 3 
N° =.072 2 +4+6+ ...+ 16 = 72 = 8(9 
ned Og Pode +26 45 02238 20s=140 =10(11) 

Proof: For n=l, Hee 
Assume: 2+4 .t2k = k(k+1) 
Then:  2+446+... tak+2(k+1) = k(k+1)+2(k+1) 

= (k+1)(k+2) 

6. The sum of the first n multiples of 3 is + times the 
product of n and n+l. 
n=5:3+60+9+12+15 = 45 = sgh 
m= 0:53 5+-6 4+ 9 + 95.4624 =103 = 

n= 10: 3+6+9+ ...+ 30 = 165 = cae 

Proof: For n= 1, 3(1) = 3(2)(2) 

Assume: Bei setapocg vey me = 

Then: 3+6+9+...+3k+3(k+1) = ages + 3(k+1) 

= 3(k+1) (S+1) 
3 (41) (142) 

7. The sum of the first ee of 4 is twice the 
product of n and n+l 
n= 5: 4+8+412+16 + 20 = Ae 
n= 8 4+8+12 + ...4+ 32 = an = Ae 
Nea=lOsehar Ot 12 ere tet Olen ee Os 62 (.10)2.) 

Proof: For n = 1, 4(1) = 2(1)(2) 
Assume: 4+8+12+...+4k = 2k(k+1) 
Then: 448+12+...+4k+4(k+1) = 2k(k+1)+4(k+1) 

= 2(k+1)(k+2) 

8. The sum of the first n multiples of 5 is = times the 
product of n and n+l 
n= 5: 5 +10 +15 + 20 + 25 75 = Bhs) (6), 
n= §: 5+10+15 + ...+ 40 = 180 = 4(3) (9) 

nislO: e5eP ONE! lal to) 41 00-2027 Shs 3(10(11) 
Wi 
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che 

10. 

21 

Proof: For n = 1, 5(1) = 5 5k(k+1) 
Assume: 5 +10+15 + ... + 5k D 

cial) + 5(k+1) 

5(K+1) (5 + 1) 

Be.) (E42) 

Then: 5+10+15+...+5k + 5(k+1) 

i} 

The generalization is this: If p is any number, then 
the sum of the first n multiples of p is 

$n(n+1); ie. 

p+2pt+3pt+... + np= $n(n+1) 

Proof: Forn=1, p= B(1) (2) 

Assume: ne eee Px (k+1) 

Then: eirck nl ted gees Bx(k+1) peas 

(ict) (8 a) 

B(ict1) (ie42) i} 

Alternate Proof: 
14243+...+n = 5(n+1) (previously proved) 

multiply both sides by p, 

Dit epi r Sp t?....7 NDS $n(n+1) 

The sum of the first n odd numbers is n°. 

ne 62 1+ 5 oS 7 +19 eh a5 58 
m= 8 1+3+5 + ... + (2°81) = 

1+3+5 +... + 15 = 64 = 8? 

n=10: 1+3+5 +... + (2*10-1) = 
1 + 3-475 + ... + 19 = 100 =4104 

Proof: Forn= 1, l= 1% 
Assume 1+3+5+...+(2k-1) = k? 
Then 14+3+5+...+(2k-1)+[2 (k+1)-1 J=k?+[2(k+1)-1] 

=k?4+0k+1 

=(k+1)* 

The sum of the squares of the first n whole numbers is 
ber era 

n = 5: 124024+32442452 = 55 = ao) 

8: 19+23439+,. 489 = 204 = lends! 

Kop e e Feel Ee Re sol yee 10(11) (21) 

Proof: For n #1, 1° = Hen 

Assume: 12+22+37+,,.+k? = MESEMEDS 2) 

Then: 124094324, .+k24+(k+1) 2 UCL) (241) 47 ya 
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i Soha ct feed, 

a (k+1) (k+2) (2k+3 ) 

e (k+1) (k+2) [2(k+1)+1] 

12. A) The statement asserts that the sum of the first n 
even integers is igen This is not true for 
n= 1, since 2 4 1(2)+10. Note, however, that the 
second part of the induction proof can be carried 
through (although of course it is Useless without 
the first part) as follows: 
Assume 2+44+6+...+2k = k(k+1)+10 
Then 2+446+...+2k+2(k+1) = k(k+1)+10+2(k+1) 

=(k+1) (k+2)+10 
In summary, this shows that if you ever get a 
foot on the first rung of the ladder, you are 
guaranteed to be able to get to the next rung. 
The trouble is that you can't ever get on a rung! 

B) This statement asserts that the sum of the first n 
even whole numbers is n*+2n-1. It is true for n=l, 
since 2 = 1+2-1. Here you are able to get on the 
first rung all right, but your progress to succes- 
sive rungs is not guaranteed, since the second 
part of the inductive argument fails: 

Assume: 2+4+,,.4+2k = k? + 2k - 1 
Then: 2+44+,..4+2k+2(k+1) = k?4+2k-1 + 2(k+1) 

= k?+4k+1 
For the argument to succeed, this result must be 
the same as 

(k+1)? + 2(k+1) - 1 = k? + 4k +2 
Obviously, since 2 #1, it isn't! 

13. If n = 1 (one disc), 1 move is required, and 1 = 21-1 

Next, assume that for k discs the number of required 

moves is eels Then consider k+l discs and for con- 
venience call the bottom (largest) disc L. Leaving L 
stationary, it will take 2"-1 moves to get the top k 
discs on another peg. Then use one move to get Lon 
a vacant peg. Finally it will take 2-1 moves to get 
the other k discs in position above L. Therefore, for 
k+l discs the number of moves is 

(Beets 41h (S hed Vets 73 eal 
_ oktl_y 

14. If this proof were valid, you could prove all sorts of 
fascinating things: All horses are the same color, all 
people the same age, etc. Of course it isn't valid. 
The fallacy stems from the fact that induction is 
based on the whole numbers which are ordered so that 
each has a successor and no two occupy the same 

ans 



position "in line." The argument in this exercise tries 
to apply the inductive assumptions to a proof about 
sets, which are not ordered in the same way as the whole 
numbers. For example, of two distinct sets, each having 
ten elements, which comes first? 

Section 1.4 77-78 

1) ee - sr Sets 

oe s+h+ 3+ ee )s- = 5(40) = 

3. -4+2+(- sip 3 (-4 eu “= (-4) rs be? 
rer 2 

2 

Oy ees meer eg ae O 

1 SIS) ree eee 
5. Sp = 2)/—AP | = a] C8000) _ BEEEE = 2.2222 

“710 
oe zal 

ce Sig = Meek = 1023 

10 
-2 -1 102 

Te Sig = i} ay = hae -341 

Besa = Ee 

9. Sg = 52 | 955 ° 2| = 665 

20 sto Bee 128(1-(#) 9) 

ae 102 
Ji. 5S, = 1, BS, = 3 Sa = S, = =B, S, = te Sio = “350° 

Seo = i sey The sum will never exceed 2. 
lyn 1-($ 

Since S, = —— = 2[1-(5)"1, the sum will always 
at 

be the product of 2 and some positive number less 
than one. Note however that the sum can be made arbi- 
trarily close to 2 by taking n large enough. Thus, 

Sgo differs from 2 by only Boyoss ° 

118 



12. If r= 1, the denominator in the formula is 0, and 
thus the formula is meaningless. However in the case 
of r= 1, the sequence is constant, and so Sn = na,. 

ré-1 13. -10 = A Gens -Sor- +r? +r+6=0 r= -2 isa 

solution, Therefore the first four terms are 2,-4,8,-16. 

as, Peas ee = 32. Sor= 2, and a, = 1. S, = Z--4 = 31, 

15. Since a, = (a,)*, a, = r, and the sequence is of form 

nd anne rh ee 3(r?)*, 

But since a, = r®er® = r5, r®5 = 5, Y= 3. 

aly eal 1 il 1 
So, the first five terms are 5? O° D7 BLY Das: 

16. Choose B. At the end of 30 days, Option A would 
amount to $30,000. Option B would total 

Bead 
Soa 

17. a =f r= 4H, as = FG) = Toot 
(Note that this problem differs from Example 2. 
Here it is not the sum we are trying to find.) 

18. 10 REM PRYGRAM BY L@YP PRECEDURE 
20 INPUT Al, R, N 
30 LET S = 0 

oo = 279.1 = $232,881, 023. 

40 FOR M=1TON 
50 LET A = Al*Rt(M-1) 
60 LET S = S+A 
70 NEXT M 
80 PRINT "THE SUM ZF THE SEQUENCE IS" S 
90 END 

10 REM PRYGRAM USING THEZREM 1 
20 INPUT Al, R, N 
30 LET S = Al*(1-RtN)/(1-R) 
40 PRINT "THE SUM ZF THE SEQUENCE IS" S 
50 END 

Section 1. 203-84 

ibe 715522, 29, 36,43 le 7,4,1,-2,-5,-8 

3. V2,N2410,V24+20,/2430,V/24+40,/ 2450 

4, an anit EEE AB CML : bch 

Be -6,1,8,15,22,29 6. oh sh uly, 5? 5? aE 

te Xs Vs2y-X;s 3Y-2X; 4y-3x, 5y-4x ob 465 9. 370 

10. -175 Bh IEE ee NG eleTe) 

13 For.n= 1,4, = 5(a,+a,) 
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14, 

15. 

ie 

ee 

ie, 

1 

k 
Assume: a,t(a,+d)+...+[a,+(k-1)d] 5 (a,ta,) 

k 
2[a,+(a,t+(k-1)d)] 

Then: a,+(a,td)+...+[a,+(k-1)d]+(a, +kd) = 

Fl2a,+(k-1)a]+(a, +kd) = 

Keli a, +(a,+kd)] = 

k+1 
2 k+1)* 

ae sequence is 16,48,80,..., with a,=16, d=32. 
= 4[16+(16+7(32))] = HUME EeT) $60 

ane sequence is 20,30,40,... Sy Z(20+80) = 350 

The sequence is 15000, 14500, Sree scans 
@y9 = 15000 + 18(-500) = 6000 

$7506 .49 
10 REM PROGRAM WITH@ZUT FORMULA 
20 INPUT Al, D 
30 LET S = 0 
40 FOR N = 1 TPH 20 

(a, ta 

50 LET S = S+Al 
60 LET Al = Al+D 
70 NEXT N 
80 PRINT "THE SUM @F THE FIRST 20 TERMS IS" S 
90 END 

10 REM PR@GRAM USING THE@REM 2 
20 INPUT Al, D 
30 LET A2=Al 
40 FOR N= 2 TP 20 
50 LET A2 = A2+D 
60 NEXT N 
70 LET S = N#(Al+A2)/2 
80 PRINT "THE SUM @F THE FIRST 20 TERMS IS" S 
90 END 

We can use the fact that a_=a,+(n-1)d 
to rewrite the above progrfm a as follows: 

10 REM PR@GRAM USING THE@REM 2 
20 INPUT A1,D 
30 LET A2 = Al + 19*D 
40 LET S = 20*(A1+A2)/2 
50 PRINT "THE SUM QF THE FIRST 20 TERMS IS" S 
60 END 

(a) 76 (bv) 12k,10 (c) 9,62 (a2 Sn1.573,K/Eu1. 
In each case the arithmetic mean is greater. 

(Va-/b)? > 0 since a # b + 
a +b - aab > 0, atb > ab, => Jab. 
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21. Yes. The common difference is the sum of the common 
differences of the original two sequences. 

22. No. A counterexample may be used here. 
= 2 Tes Ds oes 6 da = 

Pea Ove, d= is) 

But 1,12,35,70,... is not arithmetic since 12-1435-12. 

23. No. Using the sequences in the answer to Exercise 22, 
the "quotient" sequence is 

a i 2, Loree and it is not arithmetic. 

Section 1.6 89-90 

al aL 1. (a) — < =; n= 4 Emphasize that for all n> 4, s 
pn ~ Io’ istwithin (1 ofsllkey © § WHE 
i ee al 1s, ah 

2. (a) $(3%-1) > 10, 3-1 > 20, 3" > 21; n 
(b).3" > 201; ned 5 (c) 3% >. 2001; n > 

pate ere 1 or eae) eye Ae oe 3 6.3 Sage Als’ 

dt 
1 i 3511 Oo. no aim, oO" A 10.5 dl. no sum 12. 2, Sip-B 

235 5,0,5,0,5 14, DOs esles 5 

1 ak 5 12, Oa a (Students may be interested to 

know that this series, the harmonic series, has no sum. 
It can be made greater than any specified N. 

16,9 2042004500043, 63 °8.=.0,8r= ol. S., = fart)" | 

as n increases, S. approaches 6 xi0 es ce — 2 n pp ne) Shea's 

17. .009 = .009+.0009+... This approaches .009 (5) =” 01 
Thus .249 = .24+.009 = .24 + .Ol = .25 

1-(.001)", | 249 _ 83 
See ae nee DOG mem) an O00 3S 

n ae ee ee 
22. 575 23. WO aH. 87H 25. 1G 6. -1.585 

27. 10 INPUT Al, R 
20 LET S = O 
30 FOR N = 1 TY 30 
40 LET S = S+Al 
50 LET Al = Al#R 
60 NEXT N 
ae PRINT "THE SUM @F THE FIRST 30 TERMS IS" S 
O END 
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ets) akey Wing t*) 2) ab 
20 LET S = O 
30 FOR N= 1 TY 20 
40 LET S = S+Q/N 
50 LET Q = -Q 
60 PRINT N,S 
70 NEXT N 
8O END 

This sequence does converge, as the printout suggests. 
(The limit is log,2 ~ 0.6931.) Students may be 
interested to know that any series of type £(-1 
converges provided that la, | is decreasing and 
a,70 as n-o 

nti, 

n 

29. 10 LETS =0 
20 FOR N= 1 TH 20 
30 LET S = S+1/N 
40 PRINT N,S 
50 NEXT N 
60 END 

This is the famous harmonic series, and it does not 
converge, since the Sum Can be made as great as 

nd re bach wa Rb 
desired. For example, Sg=ltst (Sty) + (ete tatg) which is 

clearly greater than 1+g+( q+) +(BtRtEtD) = P 

In the same way the 2“th term is greater than #2, 
The secret is to "capture" enough terms each time 
to make each parenthetical expression greater than > os 

Review Exercises (pp .91-92 ) 

8, “45, -l, 
i 

1. - 25> GC 5 

2. 81099 = -8 + 35(99) = 3385 3. Divergent 

20 1 4, Soo = male + 625) = 545 

Bye -8, -125, -135, -ll, -5, Me 

Oy ity eee 6 Tae Pee ciy asl, fi, 2 Atha Oa Bus atl B A tte eels 
oe ag = 243 (=)! ; - 9. Converges to O 

6 

1-(5)" 
12, 243/52]; the limit is 243 x 2 = 3645 

B 
13. Xk ty = 403 xy = Q4hh 

x(40-x) = 144 
x? - 40x + 144 = O 4 50 



14, 

1S 

LO. 

Lf. 

-02[275 + 250 + 225 +...+ 25 + O] = 
.02[6(275) = 33.00 
Therefore the total paid is $300 + $ = $333. 

By the definition, addition is an operation on the 
set of real sequences. Associativity is guaranteed 
by the fact that addition of real numbers is associ- 
ative. The identity element is the constant sequence 
0,0,0,... The inverse of a sequence 4,,8,,43,... is 
WA, 9 Bos Ags oo 

No. Any sequence in which a zero term appears has no 
inverse, 

Yes - in fact, a commutative ring with unity. 

CHAPTER 2 

Section 2.1 - 97-101 

ule 

_ 

Gi 

ACFKM = 297, ACHLM = 298, ACHKM = 302 

. ADGJ = 232 

MJEBA is the reverse of the longest New York to Los 
Angeles route. West to East winds must be greatest on 
these segments, so it would be shortest going the west 
to east direction, 

For example, rivers or railroads or highways or even 
mountains for transcontinental jets at 30,000 feet. 

Cities often imply air traffic congestion and, of 
course, location of destination. Distances-entered on 
the map by a scale of miles-are a factor. 

One of many minimal length paths is sketched below 

The diagram does not show one way seneetat particularly 
bad congestion spots, location of dumping spot (if 
different from depot). Students might well think of 
other important information. 

3} On average quickest is No. 10 bus -- 12 minutes. 
rf Walking--15 minutes--since he might have to wait 

8 or 10 minutes for the busses, 
(c) Safety; rain or not; carrying packages; cost; 

healthful exercise, etc. 

h(8) = -56 says that at 8 seconds after burnout the 
rocket has supposedly returned to earth and burrowed 
56 feet into the ground. This emphasizes the idea that 
a model might be valid subject to certain limitations 
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on applicability. This picks up on the exponential and 

“ curve situation where for a while the two have much 

the same shape. On a very high level, euclidean geometry 

is a good model of physical things in “small" chunks of 
the universe; for more macro-scopic models, non- 
euclidean parallel axioms fit experience better, 

9. For time < 3.5 seconds the rocket is rising, Aaa S20; 
for time > 3.5 seconds the rocket is falling,v(t) < 0. 

10. The graph will look like that below. However, for 
tio wiv (t) =) 0 vine practices 

ll. The graph will look roughly like that below: 

ATO 

35 76 
12. h(t) = 72 + 112t is an unbounded increasing function 

which is positive for all t > - 2 

iho w >) 20 seconds 
b may feet per second [about 436 miles per hour] 
c t 

velocity is in feet per 
second 

height is in feet 

(ad) 320 feet/second or about 218 miles per hour! 
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14, 

15. 

16, 

17. 

Of course no one could open a chute at 218 miles per 
hour. The model that has been used does not account 
for the retarding force of wind resistance--which 
actually makes a falling body asymptotically approach 
a terminal or limiting velocity. A better model of 

free fall is h(t) = meeri-e>y} where m is mass of the 
falling body, g is erSvitational constant acceleration 
(32 feet per second per second), k is a negative 
constant depending on shape and mass of falling object. 
Derivation of this equation involves simple differen- 
tial equations, but it's graph is given below. 

Velocity 
maximum 

velocity 

In the chapter on exponential functions it would be 
good to recall this--when students know the behavior 

kt kt 
and l-e for various k. 

The two.“ shaped graphs are most likely--growth does 
not usually occur linearly, and the first exponential 
type (students can identify this as geometric) seems 
to increase without bound (unrealistic because food 
supply is usually limited). 

The spread of rumors fits the disease model in text! 

Note that from 1950-1970 growth was a geometric 
sequence with a on45™ 1.25 85n° There are many special 

of e 

local factors that might invalidate the prediction-- 
declining birth rate, major loss or gain of industry, 
etc, Lacking any special factors to consider, though, 
the method used is probably better than drawing 
numbers from a hat. Some sort of survey of pre-high 
school enrollments would help. 
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In many ways this model makes sense for 0 SO RS 16; 

though it is unlikely that all 10,000 would become ill. 

Section 2.2 ~ 104-106 

1. (a) 12480°lbs/sq.tt. te) 18720 lbs/sq.ft. 
c) 31200 lbs/sq.ft. a) 1560 lbs/sq.ft. 
e) 329,472 lbs/sq.ft. 

2, (a) 15 feet (b) 75 feet (cc) 1000 feet (a) 288 feet 

3. d(f) = k*f d(10) = .6= k-10 =k = .05 
= d(1S) =8.9einch 

4, a(r) = ker? ee = 4 141 60m) ke Lee kee 3 14160 
a(10) = 3.1416(10)? = 314.16 square inches 

Ge 065 6. 33,000 feet or about 6.25 miles 
8800 feet or about 1.67 miles 

7. 240 feet per second Ses20.) 9. Soe elOnesLico/ma. 

11. (a) increases (b) triples (c) is halved 

12. multiplied by 9 13. multiplied by 8 

23, = tq dollars _ pound , dollars 

igh pre . Or xy =k 

15. ¢= 42 (a) multiplied by g (b) multiplied by 4 

16, «m[157.5|3.75|1.88] .94] .47] .23] .12] .06] .03] .015 
wl Gal 2 %} B) fe fe) 

17. m(t) = Big) 18, see text 
_ younces 19, o = 16 p and ounces = pounds) xPounds 

20. k = 1.6m and kilometers = (Sopeters ) x miles 

km _ km m 
el. k = 1.6m and y= = m ~ hr 

= kn _ , mM, er k = 1.6m Cane ra pe m 

as 

ounce ounce pound 

24. fs ri (feet)? = = (inches ) 

Section 2. - 109-110 

1. Many possibilities: To + Tr = 200 ce = 200 - Tr, 

ce + PL = 800 Oe = 800 - PL 

To + ae = 600 an = 600 - bes 

Ty, + Py = 400 Ty = 400 - Pr 

Cel. + 6T, + 4P, + SP, 

2. 7, = 4OO - Py3 T, = 7200 + Pri P= 800 - P 

3. © = 5000 + Py 

126 



yu Pr must be at least 200 since of = Pr - 200; 

but C is minimum when Py is minimum, Thus 

let Py = 200; C = ea 

© 15,7 00smphw 7 < 104 ae paper and 2 hours not related 
O minimum, 

5 

6 

8, 133 papers per me 

9 - (2x)(2y) = xy + 100 <=> 3xy = 100 
still need ratio of x and y or one of x or y 

10. 2w + 2(2w) = 240 = w = 40, £ = 80 

11. Error could be O, of one measurement is short by .5 
and the other long by .5; or error could be at most 
2 inches. 
Note: error in area is usually greater--depending on 

actual length and width because 

(4 + .5)(w+ .5) - to= + Sot 5h + 225 
12. Let w» = current wind and s = speed of plane in still 

air 
ene ene -5) = 2800 
stw-25)(5.4) = 2800 

Note: If you try to solve these simultaneously you 
will find no solution. The pilot is mistaken 
about his time estimates. 

13. Let m, = model 1 and m, = model 2. 

800 m, + 1100 m, < 24000 
2000 m, + 3500 ms < esa 

m, > Oo ms > 0 
maximize 1500 m, + 2900 m, 
Note: The say ary to this linear program is 

{a1 -m) (0,20) with profit $58,000, 
006 man hours used, and $70, 000 capital 

Bird: 

14, 4x? + 9y? = 36 Determine a,b by substituting for 
X,y and solving the two equations in a?,b?, 

Section 2,4 ol1Z-11 

ie Dyers eo Dota. te ond, = 4 44D, = GO 

BoD ea™ OO © 0,4 (8)0D.aer 5a, oD), Daam,o 

7. Probably D, since the positive and negative deviations 
in D, cancel each other out, suggesting a better fit 
than is really the case. 

8. (a) D, = 4 (b) Ds = 4 
Since watt deviations are positive in this case, absolute 
value has no effect. 

a2, 



9. dollar cost = 280g + 2200, so 

cost = 280(-p + 85) + 220 (Goa2=4) (1000ga1) + dollars 
= =-280p + 26000 

dollar revenue = price x sales 

~ dollars = 45 x (1000¢) perio gallons 

= 10p(-p + 85) 
= -10p? + 850p 

profit = revenue - cost = -10p? + 1130p - 26000 

10. To find maximum profit (without calculus), graph 
profit, observe symmetry, find zero points, and 
maximum is midway between them. 

Profit 

$5922 

>p (price) 

At 56.5¢/gallons, sales predicted are 28,500 gals. 
This yields revenues $16,102, costs $10,180, 
profit $5,922 

11. The model g = -p + 85 is based on pre-energy crisis 
pases data, clearly. 
(1) Under ordinary conditions buyer resistance at the 

higher price would probably cause sales to drop in 
a non-linear way. 

@) When demand exceeds supply, the station is not free 
to pump as much gasoline as might be used to meet 
optimum profit. 

@) The linear cost function is probably not reasonable 
because employee costs increase in steps as each 
additional service worker is hired. 

l2. Z represents cost of water, labor, and pumping power. 
Unit of Z is dollars per inch, 

13. revenue 40(h) = 4w + 160 

14. 4H + 160 ew + 175 

w= 7.5 

15. 40 mph. Solve by finding zeros of the quadratic and 
selecting the average of these mph. figures. The 
gasoline consumption is 24 mpg. 
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5,5) (b) E(y,-f(x,))? NAS: 

17.(a) 05 PRINT "SLOPE" "INTERCEPT SUM SQUARE DEV." 
10 DIM X(4), Y(4 s 

40 DATA NWSE Weer, 5s s) 

50 FOR M = O TY 2 STEP .2 
60 FOR B = O TZ 5 STEP .2 
70 LET S=0 
80 DEF FNG(X) = M*X + B 
90 FOR J=1 TO 4 

100 LET S = S + (Y(J) - FNG(X(J))) t2 
110 NEXT J 
120 PRINT M, B, S 
130 NEXT B 
140 NEXT M 
150 END 
Note: This will yield 250 lines of printout! 

Emphasizing the value of sharpening estimates 
in advance of computation! 

(b) This search suggests y = .6x + 1.8 with sum of 
Square deviations 1.56 (See 20 below). 

18. x and y are means; 
10 READ N 
20 DIM X(100), Y(100) 
30 FOR J=1TTOHN 
40 READ X(J), Y(J) 

NEXT 
60 FOR I 
70 LET S 
80 LET Q 
90 LET U 

100 LET P 
110 NEXT I 
120 LET A = (P - S*(U/N))/(Q - N*(S/N) 12) 
130 LET B = U/N - A*(S/N 
140 PRINT "SLOPE ="; A, “INTERCEPT ="; B 

150 DATA N X, Y, Xz Y, etc 
160 END 

19. Slope = 2.7 Intercept = -.5 

20. Slope = .628571 Intercept 1.77143; 

1 
Ss 
Q 
U 
E 

"oil 

en 

Compare this to the match y = .6x + 1.8 suggested by 
exploration in 17. 
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Section 2. peLe0al2 

We OG FO. (lee 5 ee Ooe. 4, 9639 5.69801 

6@AuB @anB @an(Buc) ® (anc)u(BnD) ®& (AuB)A(cuD) 

7. Answers will, of course, vary. But two students might 

get same output if the random number generator starts 

at the same value in a formula each time it is called. 
This depends on machine software traits. 

8. Answers will vary. 

9. Using all blocks of ten digits from the table in the 

text, Section 2.5, one gets a successes. The binomial 

probability formula with p = .4 predicts 

P(7 or more strikes) = (72) (4)? (.6)2+(7g) (4) 8(.6)2 

+(79)(.4)8(.6)2 + (79) (.4)2 
~ ,O42 + .O11 + .004 + .0001 

= .OK7 
The new method seems better since with P(success) = .4, 
old method, it is highly unlikely to get 7 or more 
successes, 

10. The figures should be in the neighborhood of .3(676)m= 
202.8,again using the complete random digit list given 
in the text section 2.5. Note that this gives only 10 
usable digit quadruples. Further testing is warranted, 
but the area will still be much the same. 

11. P(o or 2) in toss of fair die. 

12, 10 —— 110 loop counts forty samples 
20 sets up a counter for boys in each sample 
40 - 80 loop generates "children" counting in 70 if 

result is > .5 (boy). 
90 checks to see if the count of boys in the sample 

just completed is at least 8 —— increasing the S 
counter if it is. 

120 prints success samples/total samples. 

13. Change 40 FOR J=1 785 
90 IF B > 1 THEN 110 

120 PRINT "FRACTIZN 4 OR MORE = "; S/to 

14, (a) Look at blocks of 3 digits--all even ~ HFH, 
otherwise a failure, 

(b) Look at blocks of 2 digits in which both entries 
are not O and less than 7. 

(c) oo at pairs of digits, HH <—> 0,1,2,3 in both 
places. 

(d) Look at blocks of 3 digits ranging from 001 to 
365. Take samples of 20 such blocks and count 
success if one or more matches in a block, 
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(e) 05 DIN P(20) 
10 FOR I = 1 TH 50 
20 FOR J = 1 TH 20 take sample from 
30 LET P(J) = INT(365*RND(Z)) ae Pas LOS, 
40 NEXT J 
50 FOR K = 1 T8 19 
60 FOR L= 1 TS 20 
70 IF P(K) = P(L) THEN 110 
80 NEXT L search for match 

90 NEXT K 
100 G¢ TS 120 
110 LET M = M+l 
120 NEXT I 
=e PRINT M/50 } print ratio of matches 
140 END 

15. Here is a BASIC program for the Monte Carlo method 
10 FOR I 
20 LET X 
30 LET Y 

1 TZ 50 
6 *RND (Z 
Q*RND(Z 

4O IF Y > -(XtZ) + 6*X THEN 60 
50 LET A = A+l 
60 NEXT I 
70 PRINT (A/50) *54 
80 END 6 3 6 
Actual area is f -x*+6x = - 3 * 3x3 | = 36 

O rf) 

CHAPTER 

Section 3.2 - 136-138 

1. 

4 Fe K Ce) wel () K se <K Ab 

INPUT A,B The solutions, to the 
PRINT. "X=", “Y=" nearest tenth, are -.4 
FZR X = A TO B STEP .05 and .8. 
LET Y = 3*X*X-X-1 
PRINT X5:¥ 
NEXT X 
END 

ale yl 



One solution Two solutions 

Gi. 

One solution 

One solution 

One solution 
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LOS 

4 

ie, 

13. 

14, 

LS 

700 ( 6638) 

Four solutions 

10 INPUT A,B 
fe) PRINT eX=k; Ny 4 

ra FOR X = A TY B STEP .05 
O LET Y = Xth-4 *X 13-38 #XK t24+43 #X+40 
O PRINT X,Y 

60 NEXT X 
70 END 

The solutions are -5, 8, and (approximately) -0.62 and 
1.62, Note the relationship between this exercise and 
No. 10; i.e., (x+5) (x-8) (x? -x-1)=x4-4x°+38x24+43x+40 

10 INPUT A,B 
20 PRINT "X=", "Ya" 
30 FOR X = A TH B STEP .05 

#0 LET ¥ = X#X*X-X#X+2 *X-1 The only real solution 50 PRINT X,Y (ae (eoken t 
60 NEXT X s Oo é neares 

tenth) 0.6 
70 END 

In the first case, the function is not "continuous" 
throughout the interval between x, and x; thus the 
graph is able to "jump" from positive values to 
negative without intersecting the x-axis. 

In the second case, the eraph is not a function, and 
so it is able to "snake" around, crossing the x-axis 
outside the interval between x, and x3. 

Yes, there may be any number of such x's 

10 REM APPR@X SZL QUAD EQ 
20 READ A, B, C 
30 PRINT yah peayves 
40 FOR X = A TO B STEP C 
50 LET Y = Xt2 + 2*X - 1 80 NEXT X 
60 IF ABS(Y) > = 10 THEN 80 90 DATA -5,5,1 
TOPPRINT XY 100 END 
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16. x= 4 orx= -4 17. x =NV135 or x = - V/13 

18, x = Vn or x = -Vn 19, x = 2Wk or x = 2~-Wk 
seh es 8) (> 0) 

-b , Vb2+fac Pl Des Vb? -4ac 
205 X= Sa + Saar ayes ofa ne = Da a ae 

For these to exist as real number solutions 

we would have to have b?-4ac > 0. 

#21, The approximate solutions are 4.7 and -1.7. 
10 DEF ee (x-3) *x-8 
20 READ A,B,S 
30 DATA 5S Sh ofS 
40 READ C,D,N 
50 DATA -11,32, 9 
60 LET H = (D-c)/ N 
70 PRINT "Y-AXIS:FROM" Cc; "TO"D;"IN STEPS OF"H 
80 PRINT 
90 FPRI=OTSN 

100 PRINT "="; 
TIO, NEXT © 
120 PRINT 
130 DEF FNR(X) = INT(X+.5) 
140 LET YO = FNR(-C/H) 
150 FOR X =A TG , STEP S 
160 LET Y = FNF(X) 
170 LET Yl = FNR((Y-C)/#) 
180 FOR I= OTN 
190 IF I = Yl THEN 250 
200 IF I = YO THEN 230 
PLOPPRINT 263 
220 GY TY 260 
230 PRINT "-"; 
240 GP TSW 260 
250 PRINT "*" 

nt il 

260 NEXT I 

2 OSPRINTA eet sex 
280 NEXT X 
290 END 

Section 3. 142-14 

1, 49+48 = 97; two 2, 49-48 = 1; two 

3. 49-48 = 1; two 4, 1-4 = -3; none 

5. 1+4 = 5; two 6, 1+4 = 53; two 

7. 4+24 = 28; two 8, 4-24 = -20; none 

9. O+4 = 4; two 10, O-4 = -4; none 

11. 400-400 = 0; one 12. 7 +12 = 12%; two 
13. 4415 = 555 two 14. 2412 = 14; two 
15. 2+4/3; two 16. 9-8 = 1; two 
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17. 10 PRINT 
20 INPUT A, B, C 
30 IF A = O THEN 160 
40 LET D = BtO -4#A*#C 
50 IF D < O THEN 140 
60 IF D = O THEN 110 
70 LET Xl = EL aha 
80 LET X2 = (-SQR(D)-B)/2/A 
90 PRINT "THE SSLUTIGNS ARE" X1; "AND" X2 

100 GY TY 10 
110 LET X1 = -B/2/A 
120 PRINT "THE QNLY SYLUTIGN IS" Xl 
130 Gg TY 10 
140 PRINT "N@ REAL S@LUTIANS" 
150 Gg TP 10 
160 END 
(Note: This program will continue to ask for more data- 

i.e., another equation to solve-until A = 0, at 
which time it will stop.) 

The real solutions to the equations in Exercises 1 through 
16 are as follows: 

(1) =r Oe (3) $1 (4) none (5) = 
iC. (6) 225 (7) 26/7 (8) none) (9) 1,-1 (10) none 

(a2) 2 (12) -2, 2 (23) YE? (any ARTE 
(15) VERON (16) V2, -W2 

#18, 10 PRINT 
20 INPUT A,B,C 
30 IF A = O THEN 160 
40 LET D = B*B-4#A*C 
50 IF D < O THEN 140 
60 IF D = O THEN 110 
70 LET Xl = pee ene ee 
8O LET X2 = (-SQR(D)-B)/2/A 
90 PRINT “THE S@LUTIGNS ARE" X1; “AND" X2 

#100 GM TH 10 
120 PRINT “THE ONLY SSLUTIGN IS" Xl 
130 GY TS 10 
140 PRINT "NZ REAL SZLUTIPNS" 
150 GG TH 10 
160 IF B = O THEN 190 
170 LET Xl = -C/B 
180 GY TH 120 
190 END 
(Note: The above program will stop when both A and B 

BLE eae. 

#110 LET Xl = -B/2/A 
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20. 

ai; 

ee 

23-6 
24, 

25. 
*26. 

raat les 

ee rar a4) a oa Fi 
b _ vD b_ _ VD 

ere a ie as = 2a 
of bia _ D™_ »b?-4ac 

(x a’ Wat” Fak 

2 4 + (he vo b?-4ac 
a ru Ta2 “A a 

x? +2, = -S 
a a 

Fae ded Baw +c=0 

(2x-3)(x+5) = 0 <=> x = 2 or x = =-5 

(5x-4)? = 0 <=> x= : 

(3x-1)(x+7) = 0 <=> x= & or x = -7 

(2x-7)(2x+7) = 0 <=> x = oy (OTEK as -+ 

(5x-2)(x-3) = 0 <=> x= 2 orx=3 
5 

(3+2x)(2-x) = 0 <=> x = -» or x = 2 

The formula is valid in Z, since Z, is a field. 
However this means that in order for a solution to 
exist the discriminant must be a perfect square in Z, 
and the only such squares are 0,1,2, and 4. Thus 

x* +3x+12=0 
has no solution in Z, since V5 is without meaning. 
(The situation is analogous to that of the real 
numbers, where the discriminant must be positive-- 
i.e., the square of a real number.) 

The formula is not valid in Z, since Z, is not a 
field. (Not every nonzero element has a multiplicative 
inverse.) Specifically, in the derivation of the 
formula, multiplication by 4 cannot be assured in Z,. 
As one example, 3 and 5 are the only solutions of 

2x? + 5x +3=0 
in Z,. However, if you blindly apply the "quadratic 
formula" you get 

1/1. 
bey teed 

Since both 1 and 5 are square roots of 1, and since 2 
designates both 2 and 5, you get three solutions - 
3, 2, and 5. (2 of course is not a solution.) 

The factoring procedure works in Z, since the principle 
ab = 0 <=> a=O0o0rb= 0 

applies there (as in any field). However, this 
principle (and hence the factoring procedure) is not 
Veli Irae 6 

Examples: In Zy, x?+3x+2 = (x+2)(x+1) 
Gerar tase, = 0 <=> x=5 or x=6 
92 is the solution set of 

x°+3x+2 = O 
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In Ze, x°+3x+2 = (x+2) (x+1) 
Mistakenly apy ae the zero product principle 
would yield and 5 as the only solutions of 
x*?+3x+2 = 0, whereas the actual solution set 
tell soee soit 

Section 3.4 ~ 148-150 

1. 41-33 2. 414355 3. OI4T 4. -I+0T 865. ritsd 
Py 2 aoe ie 1 Bate we) 

(13 -14 -2 A Gee atc 
g ,/ac-ba aE Cena -1 ee 

(edene ac=-bd 0 -1 

13. 1014353 14, -35I+10J 15. -I+0J 
16.(5 me rey 3) ex(sntse (278) 

10. 1. -31+6J 12. 61-44T 

dc b+d atc 

-b\/c -d\ _ /ac-bd -(ad+bc) 
zie “alla ) ee Gane ac-bd ) 

a b 

18.(5 ze) a+b? att aifee 38 (and the product 
-b a O71. commutes ) 

at+b? aF+F 

2 
ze 29 (Note that this means the inverse of 

19. gb Ge Hep ale pleat <5 Ay La 
29 29 29 29 

os ad) 
25 35 4 29 29 

et Ws. 2 9 

22, e z) ; 
-3 12 

i) ee (2) 8)a09.63 ol ee ae eS | hes 12 “let ole lat) O 
165 

x 
b 

26, -al-bJ; wae! - Arma 
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Section 3. 156-158 

1. 

2. 

15. 

17. 

Two groups (G,*) and (H,°) are isomorphic if and only if 
there is a one-to-one correspondence f between G and H, 

and for all a,b €G f(a*b) = f(a)° f(b). 

Although there exists a one-to-one correspondence 

between Zao) and Z,, there is no isomorphism here, 

Zee is a closed system-a group, in fact-but in 
Z,\{0},*), there is no operation since 2°2 = O is 

not in the set, 

The correspondence is a <—> 2° for all integers a. 
That is, f(a) = 2%, ee b zi 
Furtherfore f(atb) = 2°°° = 2%.2° = f(a)-f(b). 
Students will see this kind of isomorphism again when 

they study logarithms, 

-1 

4, /-1 FB) 5 (a-g4) + (-3-51) = -1-551 
i 

a5 

a 2) 2 ECG) So aS 

5 

) 

i) 3 (-4HbL) + (-1-4) = -5434 

3 (3-21) (3421) = 13 

a =) ono 

6-174; ( 16a ri2 4 {710 *) e/ enely 

Se NG -5 -10 Ge 6 

-35+44; Ee aA 4 i -~/{ 7». 7 } 
5) =8 )\1) 4 4 3 

-5+124; Gi e2\ (20 22 \ bah) Togs 
96 2) Voaeee ie =5 

B+101; -14+344 13. 6434; 264181 14. 4; -20+101 
24; 148 16, (V24+3) + (4-421); 6/2 + lot 

ei coda = 1 (mod 4) 

tere eet ale OE (Goda 
i° = -l <> a = 3 (mod 4) 

i9 = 1 <=> d = O (mod 4) 
Thus, 4>13 = bs yo14 = 43 = -1, 4 1000 fe 4° = 1 
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Les 

eos 

24, 

25. 

26. 

Pi. 

30. 

a1, 

34, 

Dil. 

40, 

-3+2i 19, 1-21 20, -10+#15i 21. 3-1 

lot 2i 23, (a-c)+(b-d)i 

(atbi)(a—bi) = a?—b?i? = a?-b?(-1) = a*+b? 
which is real since a and b are real. 

PBI 351 “BG - 5 * 
(2434) (qs + Se he a ces a ois 

eo cath See Sy, 
2+o1 2-61 ~= =~ FO 0 0 

3 +35! i 29. 55 + wet 

St * et = 
(5-71) (“ae + ie bs dai + Ths + 208 

ars te = 2431 

oa Sa-TStigt 32-5 - Si 33. -8-64 

me +qi 35. x=S=11 36. 2-H 
BU Ee -b 

ptett 20-11). arbi“ a-bi = attb? * a®tb?s 
atbi c-di aged be-ad 
Ctdi ° t-di ~ 3 foseag)s 

Section 3.6 ~ 160-161 

Thal 

Be ( 

ex 

6. 
10; 

14, 

a) -25 (b) -25 2.(a) -7 (b) -7 
a) -r (b)-r 4, ae 7 (oVT3i (c) VI8L = Wei 

(e) Jali 
No, If it did then for exa mpAS he would have 

Hele) Wel) tea ets 
8 not Bane since — our definition 

Wat) (aE) = (21)(24) = 443 = 4 
Thus the principle VaVb = Vab is valid only for 
positive radicands, 

Ueto A 5 Beem te Oo 8 Ooo mle Od 
# o1.ei 2, os, 

10 READ A,B,C 
20 DATA a,b,c (a,b,c are coefficients in ax*+bx+c=0) 
30 LET D = Bt2=-4#A*C 
40 IF D > O THEN 120 
50 LET Xl = -B/2/A 
60 IF D = O THEN 100 
70 LET I = ABS(SQR(-D))/2/A 
80 PRINT "THE S@LUTIONS ARE"X1 "+"I"L AND"X1] "-"I "I" 

139 



90 GG TZ 150 
100 PRINT "THE QYNLY SOLUTION IS" Xl 
110 Gg TS 150 
120 LET Xl = Seay 
130 LET X2 = (-SQR(D)-B)/2/A é . 
140 PRINT "THE SZLUTIGNS ARE" X1; "AND" X2 
150 END 

Section 3.7 ~ 166-168 

iJ) 6, 

hey Nene 8, -1+ti 9. <2 LO. L-27 a BA’ MWA RAE Seb 

13. Under a 90° rotation the image point of the point 
associated with a+bi is that point associated with 
i(at+bi) t 

-1+tbe ° 
14, 

Atha e 

15.713 16. V13) «17.3 «18. 3) 19.Wr?+t? 
20, a+b? = 36 and b = 2a-1. So (a?)+(2a-1)? = 36 

2 bat tale 35 = 0 
a= Bavi7y and b = — 

iS 
or 

& = 2179 and b = 33119 
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21. The slope of the segment joining (a,b) and (0,0) is 2; 
this is also the slope of the segment joining 
ete and (c,d). Similarly, the segments joining 
c,d) and (0,0) and (atc,b+d) and (a,b) have the same 

Slope and so are parallel, Since the opposite sides 
are parallel, the quadrilateral is a parallelogram, 
If (c,d) = (ka,kb) the points are collinear. 

Ee 

(4A+i)+(4-1)=8+01 

a4, 
Zy (-2+71 )+(-1+21)=-3+91 

The 
points 
are 
colli- 
near 

2x 

(-5+31)+(-5=31)=-10+0i 
26, Zz, 

(-2+44)+(-1+21)=-3+6i 

7927 The points 

are 
collinear 

Zn 

3it+(-5i) = -21 

P7. It is always true that |Z, + Z,| < |2,| + |Z,[. 
This is in fact the triangle inequality, and the "=" 
holds only when Z, = kZ,, so that Z,, Z,, and 
Z, + Z, are collinear, 

28, Always true [a? + b? = a? + (-b)?] 

29. Always true [(atc) - (b+d)i = (a-bi) + (c-di)] 

30. Always true [a® + b? > O]. 

31, Always true Hate and |at+bi|? are both equal 
to (a? + b*)#]. 
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Section 3.8 

1, AB = V(3-1)7+(1-0)* = V5 

0 3 

0 -1 
1 0) 

sleet. 

() 

A‘B’ = J(3-2)*+(11-3)7 = V65 (Note: V65 = VIx5) 
BC = 1 

B’C’ = —5)*+(5-6)" = VIS 
AC = 2 
AC! = V(O=2)24(9-3)> = Vbe = NTS 
Thus q42+ = =, = ae, = ppt Ago DeCy a AyCume Nils) 

2() a4 ( \(3) ' ee (eee) 
LOL NOMS) y AC VANGSY. 3x 
3 90 0) (ee DY ( ( 

3. f(-24+1) = (3 
gl-2+i) = (2 
h(-2+1) = (3 

2-21 
2-21 
2-21 
2-21 

es 0+01 
3+01 
t+27 
YO i es 

Viney Geir 
421) (-241)= -8-4 

5. (a) f(-64g1) = (5-31)(-641) = Bh + Shy 

(b) (_ 

3.5 5 8) 6.( 

5 3 
3 5 

C 

-6 

\ 
is 

(5 a)lZ)- 

3) -(8) 
aa)" CS ale (is) - © 
CF) (2 aE 



a=e1, b=2 

Therefore the desired number is -1+2i 

8, Reflection in x-axis: (a,b) —> (a,-b) 

9. Triangle inequality: The sum of two sides of a triangle 
is greater than the third side. The equality holds when 
Zg=k-Z,, and the three points Z,, Z,, and Z,+Z, are 
collinear, 

10, Translation T,,,: (x,y) —> (x+3, yt2) 

11, Translation T, ,: (x,y) —> (xta, ytb) 
+ 

12, Identity mapping: (x,y) —> (x,-y) — (x,y). 

Review Exercises (pp.177-178) 

Ee real, rational b) nonreal 
real, irrational (d) real, irrational 
nonreal f) nonreal 
real, irrational (h) real, rational 
real, rational j) real, irrational 

2, aiv234 a SH 4, W3i 5. 0,-8 6, 23-2b 
rR OAD 
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7. 8-21 8, -2461 9. gitigt lo. eRe er) 

1. 252+184 ie 2431 

130 3,0 = (8:9) ae 

mk ~ (6. 

ul 3 5)3 (5- a O41) = 3-21 

ie (ee -) (4-34)- (6421) = -2-54 
163015 ie = ey 

aL at 
fo) Neh al teat Lie 3 a(lw31)? = -7 + yV3 (he ‘] : ss 
2+ 5a24 18, S165 = 2431 (stay° oS) = 28 + 531 

spor Sst = 3ot Be 
“ 4 

So the egress 3 e) Ap 29 29 
of \ 2 5 as < 

19. Yes. The table below makes it clear that it is 
isomorphic to (Z,,+ 

MAINTAINING SKILLS AND UNDERSTANDING I 

BASIC (pp.180-181) 

1. LET Y = Xt2+3+3*C (or possibly C3 intended) 

2. FOR X = 6 TH -3 STEP .1 

e aA Mare C343) or simply 15 MAT READ C(3,3) 
30 MAT C 13) %0 parentheses needed 
40 FOR I 22 
50 FOR J 63 
60 PRINT (2,3); 

NEXT 
80 NEXT 

90 DATA 5s 59 D92s 1; 6,-3, 10, 4.28 
END 
RUN 

fouow 

yy 



5. 

Lasse | This assumes A # 0 

CALCULATE 

B? —- 4AC 

Theb tet 50 £S___s [CALCULATE 

D = VJKAC - B? 

CALCULATE | 

D = VB*-4Kc CALCUIATE 
eee Les 1 = 3K? DRT Ys 

PRINT. X55 2, 

| PRINT Y, - Y, 
> END Sa Y rye 

There are several ways to plan the investigation of f 
and &f. One is given below: 
10 FOR N= 1 TG 20 
20 LET X = 1/(N*(N+1)) 
30 PRINT X 
40 LET X = S+X 
50 NEXT N 
60 PRINT S 20 
[This gives print of first 20 terms and ff(n). To get 

n k 
only Z f(n) for larger k, delete 30 and change line 

n=1 
10 to read FOR N = 1 TP K] 

Again, various programs are possible. 
10 PRINT "N"; “APPROXIMATIZN"; “LIMIT" 
20 LET L = (SQR(S)-1)/2 
50 TET X= 1 
ho LET Y= 1 
50 FOR N = 1 TH 30 
60 PRINT N; Y/X; L 
TOs LER? ae ¥ 
80 LET Y = X+Y 
90 LET X = Z 

100 NEXT N 
110 END 
To look at larger values of r replace lines 50 and 100 
by: 50 READ V 

55 IF Ni<V THEN (0 
65 G@ TH 50 

100 LET N = Nt+l 
105 GO TS 55 
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106 DATA (List values of N for which you want ratio 
printed. ) 

7. Use the BASIC plotting program with the following 

special values, 
(a) 10 DEF FNF (X) = (.9)tXx 

20 DATA O, 20, 1 
50 DATA 0, 1, 40 

(} 10 DEF FNF tr) = ea 
c) 10 DEF FNF (X) = (.1) tx 

8. 10 LETS = 1 
20 LET T= 1 
30 FOR N= 1 TH 20 
4O LET T = T#(1/N) 
50 LET S = S+T 
60 NEXT N 
70 PRINT S 
80 END 

9. 10 INPUT A;B,C,D 
20 LET Sl = A+C 
30 LET S2 = B+ 
LO PRINT "Z1+Z2="; S1; "+"; Sa; "Ir" 
50 LET Dl = A-C 
60 LET D2 = BD » 
70 PRINT “"Zle-Ze="; Dl; "+"; pa; "1% 
80 LET Pl = A*C-B*D 
90 LET P2 = A*D+B*C, 

LOO PRINT?) "Z1"72"sePls  "+"s (po: Nr" 
110 LET V = SQR(C*C+D*D) 
120 PRINT "ABS(Z2) ="; V 
130 LET K = C*C+D*D 

,l40 PRINT "1/Z2="; C/K; "-"; D/K; "I" 
#150 LET Ql = (A*C+B*D)/K 
170 PRINT: "Z1/Ze="; Qi; "+"; Qe; "I" 

10. 10 INPUT A,B,C,D,E,F  “tO0 LET Q2 = (B*C-A*D)/K 
20 LET Zl = E-C 
30 LET 22 = F-D 
40 LET K = A*A+B*B 
50 LET L = Z21*Z1+Z2*72 
60 IF K < > O THEN 120 
70 IF L < > O-THEN 100 
80 PRINT "TRUE FOR ALL X" 
90 GG TH 150 

100 PRINT "TRUE FOR NO x" 
110 G@ TW 150 
120 LET Xl = (Z1*A+Z2*B)K 
130 LET X2 = (22 *A-Z1*B) /K 
ne PRINT "x="; x1; "+"; xo; "zr" 
50 END 

11. 10 INPUT A,B,C 
20 LET D = Bto-4#A*c 
30 IF D < O THEN 80 
40 LET X1 = (-B+SQR(D))/(2*A) 
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50 LET X2 = (- >B-SQR(D) )/(2 *A) 
60 PRINT "Xl="; X1; "X="; x2 
70 GG TS 130 
80 LET D = -D 
90 LET Xl = -B/(2*A) 

100 LET X2 = SQr(D)/(2*A) 
AIOVPRINT OX less NLS rts Xe se UTS 
I2O7PRING 3Oe ek Lens X Oe ele 
130 END 

Sequences and Series ~181-18 
n-1 

Snowflake curve. Perimeter is infinite. P = lim 3a(¢ ) . 
A geometric sequence with ratio greater than l. 
Area is finite. A geometric sequence with ratio > 

peep cag» PTS 
i See textbook, eve — — Sap se TGSTT? 

Be ipo; C kee se «5 L000; see 4, 1,5, Brees = soe 

Die iy ites A terete sll sete te 62 Ic teres an Me Pee ts 

i 
if: 1sq Bore z,eee ‘ela an = 2+(n-1)3 

n-1l 1 
P. a, = 300” 10, a, = (-1) “pn 

fl, a= 5n(nt1) 12, a, = 2ntl 

13. a, = ¢(n) (nt1) (2n+1) 14, See textbook 

at. ab il 
Beye) ao, te costs sc 16,1, 3? Bo D2 eee 

fies Ose LOse 545 lore ase) ly Uh ery. > cae AR 

19. 3s Sz» 7S GE -+- «20 ~See textbook 

el. r < 1 implies > 1. Hence ca, Thee arer> Lt; 

sequence nivercee: 

B2. a = cer > poems 1,1) 1eee.s idke O;e re mele 
24. Converges. 25. Converges, |r| < 1 

26. Neither. (1 and 3 are accumulation points.) 

27. Converges to 2 28. Converges to 0 

29. Converges to l 30, Divergent 

Bi. (24) a = 1; (25) a, =(3)""7; (28) a, = <2 
(29) an =l- Tay? (30) an = n(n+2) 

32, (24) Converges to 1; any term; (25) Converges to 0; 
il all 

llth term 3 (29) Converges to 1; 3lst term l- 510 Toe 
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33.6 34,6 =%8I0 35, 424-34 = 6 
36, a, =V10-162 = 54 37. (a) ka,kar,...,kar 

(b) qaogar, ooo, par” has ratio r 

1 

n-1 has ratior 

38, (a) = a,ar,...aret, (b,) = b,bs,bs?,...,b8" 

(a,) (»,) = ab,abrs, abr?s?,,,,,abr™-tgn-1 

*. (a)(b) is geometric 

39. (a) a, = 4k-33 a, = (4k-3)+4 = 4(k+1)43 

(b) S, = k(2k-1)3 S.y = k(2k-1)+4(k+1)+3 

(k+1)[2(k+1)-1] 

= a+(k-1)d+d = a+[(k+1)-1]d 4O, (a) a, = at(k-1)d; Qt] 

(b) S, = s[2at(k-1)a]3 S,,, = aga eS 
Sit] = = SHeat{(k+1)- -1}a] 

_ (k+1Y2k+1). 7 (+1) (241) : 

k+1) (k+2 ) (2k+ 

page eek 1 Z 
+ Sic > KT? Stee. ~ HAL * TFT) ZY +1) (ki2) * Te 

a k 
43. Se = BEETS Sy4) = a ne DEFS 

a(l-r a(l-r a(l-er 
14, 8 oe, Sia = SOR. ye Kati) 

45. (a) Fe ett = ler+.,.¢r7-1 (b) ata-2") = atartar?+,,,+ar™~ 

46, See Exercise 40, KT, a = 1+(n-1)2 = 2n-1; 59799 

48, a x+(n-l)ys apoext49y 49, a, = 2n; a= 100 
850 

iy) Ul 50. x+(n-1)3d; a B59 = x+l47d 51. AM = 6 

52, AM=9 53, AM = ft 

54, Assume a > b; (a-b) >0-~ a® —- 2ab + b® >, 

~ a? + 2ab + b? > Hab ~ Satd 
~ > > Vab 

55. The seat of nae numbers is > their GM 

sey ae le Be 5, 1 eoeeos ‘a eee 

oH pecorrecele are 5 5, ze This is arithmetic with 
ae aad 

> ab 
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7. ore reciprocals; their 
2 

58, let r, and r, be given; +, 
te! ae 
Toon r,+r 

tN DORIC) peor pew ako. . The reciprocal of this is 
1“ 3 

er,r 
—1—2 or the harmonic mean, r,+r, 

ahah wore tts Tig Pe. , ——— 

60, atk, atd+k, atOd+k,... is arithmetic with difference 4 
a-k, a¢d-k, at+2d-k,... is arithmetic with difference d 
ak, ak+kd, ak+2kd,... is arithmetic with difference kd 

61. No limit belo 63. No limit; each group in 
1 parenthesis is > Se 

64, Geometric, a= 4, r = -x, Lim as 

65. Geom, a = ? r= 7 Lim = 5. 

66. No limit eee! 67. Geom, Lim = 16 
at ib O57 2: 68. 69.57 70. 59f 71. - 3 

erer210, 000(1Ols june, Tail sn oso, osu 9 

73. 100¢27*; No 
74. (a) BEAL BADE ES) n = iY: 

n,+ng-n, = 171, divisible by 3 or 7 
te) (ee Pi Ors) ee oy A 
OP Pls to, O55 50rd) Nake lo 

divisible by 3 and 7 

75. (a) 16,48, 80,...,16+(n-1)32 

(b) a1, = 1649432 = 304 8), = 42(32+49-2+) = 1600 
10 

Bits a0 19s LOs so ap hl Gerla. 14,45 <mt189 
A) atLoess as OL 

77. Sequence of length of sides is 1, 3, 5, 4s qs ««. 

(Geom, r = = 

(a) Side of 10h square 435 Area is eT or von 

(b) R45 /OFn2 pa ee Ness (c) Geometric 

4 8 (d) lim Seer fo 3. cian pais pop pe ILS: 

1 a 
78, A geometric sequence, 

Mathematics and the Real World (pp,.186-187) 

1, Linear Program: R = rail cars and T = trucks 
R < 25 
Dail) 

15R + 6T > 500 
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4, 

Minimize 750R + 350T; T = 21, R = 25 gives 

Minimum Cost, $26,100 

feasible 
region 

(70,5:3) 

Ve= keI 
6 = kel,2 V = 5°5 = 25 volts 
kK=5 

as Bee Pave sorese bees NES ses 

6 
~ | = ,000005 or 5°10" 

The model predicts 27,777 calls per day between 
Washington and Chicago. Of course, the extrapolation 
from small to large cities has been assumed to be 
valid. It is not hard to envision factors that would 
make Chicago/Washington interaction more vigorous per 
capita than for smaller cities. 

Exact answer is very hard to come by. It is about .37. 
(1) One simulation would be to get a deck of cards and 

do the dealing of 5 cards many times, 
(2) Another is to look at groups of five pairs of ran- 

dom digits 00-12 Heart, 13-25 Diamond, 26-38 Club, 
39-51 Spade. Ignore 52-99 and repetitions. 
For instance, a draw of 11, 23, 07, 75, 50, 86, 
23, O3 would have % hearts. Compute ratio of at 
east 3 in a suit to number of 5 card groups. 

Simulate by looking at blocks of ten random digits. 
Each digit represents a toss with 0, 1, 2 standing for 
a six face, The block 03544 61823 represents 3 sixes 
and 7 other faces up; this is a failure in the search 
for 5 or more sixes in ten tosses. Exact probability 
is binomial P (at least 5 sixes in ten tosses) = 

= (2)(-5)7(.7)? + (2) (3)° (aera) Geo 

+g). ( 3) ec \encem( eo) (ta) a aime re ee 
This is approximately .149 

There are several reasonable ways to approach this 
problem. The difficulty is defining what is meant by 
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evidence of improvement over the season, 
Suppose you test the following question: What is the 
probability that a team that is really a .500 team 
(2 wins 2 losses over the first half of the season) 
would win its last four, games? 
The answer here is (5) assuming games independent, 
or about .0625, As another approach one might take 
the team's overall winning percentage, .75 and check 
the probability that such a team would win 4 in a row; 

(.75)* = 32. 
It is now up to the fan to decide whether the perfor- 
mance is remarkable enough to conclude improvement 
took place, 

7. Actual area is 1-3-4 x 37.7 
To use Monte Carlo methods, generate pairs of random 
digits from -4 < x < 4 and -3 < y < 3 and check to see 
ipe(x;y) -iscwithinve! lipse..) 9 =e 
Simplify by taking 0 < x < 4 and O< y < 3 and checking 

if - — - y. This will give an estimate of .25 of 

the area, Sample Solution: 

Random digits Point In Out 

2925 2, Os82.5) al 
0217 comely.) a/ 
4007 hei?) J 
SOL 1 Beds iat J 
3012 CAO apes yi) 

*. estimate sector area 3 eye 

bee eye n° 
Total area estimate 4-7,.2 = 28,8 

Taking more sample points should improve accuracy of 
estimate, 

*#8, Two solutions are given, one by calculus style approxi- 
mation and the other by Monte Carlo simulation, Each 
works with + of the ellipse first. 

05 INPUT A,B 
10 FOR X = .1 TH B STEP .1 
20 LET Y = SQR(At2-(At2) *(X 12) /Bt2) 
30 LET R = Y*,1 
40 LET S = S+R 
50 NEXT X 
60 PRINT "AREA IS AB@UT"; 4*S 
70 END 

UG yh 



10. 

vie 

For Monte Carlo, program the technique of 7. 

10 INPUT A,B,C 
20 FOR N= 1TOC 
30 LET X = Ra 
40 LET Y = A*RND(Z 
50 LET R = SOR Cee eed 
60 IF R> Y THEN 8 
70 LET I = I+l 
80 NEXT N 
90 PRINT "AREA IS ABZUT"; (4#A*B) #(I/N) 

A simple formula to use for checking results is 

area = Teaeb 

To see the reasonableness, look at what happens to 
unit circle if it is stretched to fit over axXb ellipse. 

Many factors can apply here: population density, trans- 
portation facilities, age of various population areas, 
projected growth zones, location of current facilities, 
etc. Your class can probably come up with a long list. 

Main factor is likelihood of loss due to flood com- 
pared to dollar cost of the dike. For instance, if 
dike costs amortize at $25, 000 per year for ten years 
and flood loss now is $200,000 with probability .05 
each year, expected flood loss without dike is roughly 
(.05 x 200,000) = $10,000 per year. 
Dike doesn't seem worth cost; however, company must 
weigh risk of flood the first year! 
To do a thorough analysis of loss one must consider 
probability of flood in several of the ten years 
too, But the key factors are cost of protection; 
potential loss, and probability of loss, 

Factors to consider include: Most efficient route in 
terms of time to travel, which phone boxes fill more 
quickly, which phone boxes get broken into most 
frequently, etc. 

pe 



uadratic Functions Equations and Complex Numbers 

1. Let x be the number of phones in excess of 100, and 
make a table of profits. 

No, of Profit from Total 
x 

0) 

10 

20 

30 

40 

50 

60 

100 

2. 

| 

100 10,00 

110 9.50 

120 9.00 

130 8.50 

140 8,00 

150 Fase) 8) 

160 foes 

200 5.00 

°} complex 
ec) one root 

b) two real roots 

c) two real roots 

phones each phone Profit 

1000 

1045 

1080 

1150 

1120 

1125* 

1120 

1000 

Mathematical Expla- 
nation 

No.of phone = (100+x) 
Profit from each = 
(100+x ) (10-.05x) 

f = 1000+5x-.05x? 
Rewrite in com- 
pleted square form 

f= -.05(x?-100x)+1000 
= -,05(x?-100+2500)+1125 
= -,05(x-50)?+1125 
Maximum at x = 50; 
total profit=$1125 

two real roots 

two real roots 

5. fe 
@ 

two real roots 
two real roots 
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Ge be Two real roots Tis { Two real roots 
c) Two real roots c) Two real roots 

(b) x®= 15x - 4 = (x-4) (x24 Ax 4+ 1) =0 
Solve x*+ 4x +1l= 0.2 x= 4, -0,27, "3135 
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Be <1 +5 los, ele eee 

5. 0, < ey sassy, ARES sie Siy/354 

17. (a) Multiply by 4a; add b?-4ac to each member; 

2ax + b = +Vb?-4ac: Solve for x 

(a) 16x? + 40x + 25 = 24 + 25; 4x +5 = +73 (-3,5) 

18, (a) (x-p)* = q? x, = pta, x, = p-q 
(b) r,+r, =i ita p?-q? 

(c) x = p, x=-p = O.. -q? is minimum when x = p 

19. For x = +a or -a F has same value .. x = O is line 
of symmetry. 

20. x* - 4x - 5 = (x-2)9-37 if x ~ X+2; 
x? - 4x - 5 ~ X9-3°; X = O or x-2 = O is line of 

ul 

MN 

48 | i} 

symmetry. 
a= 

Pl, ax? + bx tec = alictse)?— bras, x=- x is line of 
symmetry. 

Bo, (a) See Ex. 21. if x=- a the curve has a minimum 
Sree a 

(Bb) See Ex, 21. fitvea ro; xi=s— a is line of symmetry, 
b?-4ac 

a 

23. =} FoRutt. (b) 16 sec. (c) at 4 sec. and 12 sec. 
d) in 8 sec; wea! rc. 

e4, x-y = 16; = =e ee 12-2x; 12x-2x? = 16; 

x = 4 or 2, y = 4 or 8 respectively. 

25, a(° *) @(? 6) a AG a) 
Oo 1 at, Xe) Oa 10 

oT. (7 oa 28, +s :) 29, 3481 30, -5424 
1 0 el 

pl. -l-i 

Be. R,=/+5x R,=1+2x Rg=R, +R,=8+7x R = R 

F+G=4x2+7x+12 Ryygn St7x : 

° = 2 * == = R, *R,=10x?+19x+7; R 3+19x | Re op, = Rpg 
R = -3+19x 

is maximum, 

FeG 

33. The remainders of polynomials, modulo x*+l have rules 

for addition and multiplication exactly the same as 
for complex numbers with x replacing i. 

34, S = -2+81, P = -27+81 

35. S = (ate)+(bt+f)i P= (ae-bf)+(aft+be)i 
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36. 
37. 

BE 

Md, 

s (2/343) +i (V3-1) P = W3434 

S = a2 P= “ue 38. S spp Bap ee 
i 1464 2 

a?+b? 40,275 Ki, ye yo, oe 43, =i 

“3-21 45, - tds 46, SO a7, DE 

ul i} 

ng, EERIE 2G che CONE Gal ae 

52. 

56. 
57 

58. 

59. 

60. 

24 53. -16i BY. 53 Qt, -2-1 55. 255 4431, -4-34 

133 3421, =<3-21 

Given numbers atbi, ct+di; conjugates are a-bi, c-di; 
sum of numbers (atc)+(b+d)i. Sum of conjugates is 
(at+tc)-(b+td)i .«. sum of conjugates equals conjugate of 
sum, 

Follow procedure of Ex. 57. 

8+i 

Saeed on ye ciency i 
A a 
(3A 

Oy, 
#( 4) 

32 (aru) 

2x. 2434) 
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CHAPTER 4 

Section 4,1 . 198-201 

lox. AA Borne Die ~28x®y® 4, x? 5 mLox? 

6. 2c4-8c*%+6c? Wee nihey a 8, 16x%+4x7 9. -15c*t+6c*t? 

10, 2x*=-5x?-12 ll, re+4xr2+4x2 12. m°+7m?n 

13. x® 14, x@+x4 15. x®+x*+1 16. x8+3x4+3x?+4+1 
9 1 1 

Wifey Oh 18, ft 19, D7 20. 5 ZA (8 22. 
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23. 92 2h. g 25. undefined 26, 1l2a%c? 27. =z 
24 
x 

it 6 Mr 1 1 iy 
Aloe Sar tt lene ee xetxtl 30. Bata te As Tye 

32. 

36. 
37. 
39. 

#O, 

AQ, 

HO, 

43, 

(a) P(t) = 2560-4% (pb) 655,360 (c) 10 
Discussion 38, (a) 400 (b) probably none; 204, 800 

O 4)" 

nar 

iG) y 

(a) Yes, for both 

(b) From 3% 123% ~ 3%17Xs21 ~ X4-X,=0 ~X, = X, 

(a) 1 move (b) 3 moves; 7 moves 

t=} 284-] = 18, 446, 744, 073, 709, 551, 615 
About 213, 503, 982, 334, 601 days 
= 584, 942, 417, 355 years 
x 584, 942, 4174 centuries 

)e (bebe... bd) 
n factors 

(because -m, -n > 0) 

(because m, -n > 0) 

(c) No! 

Case 1 (m,n > 0) 

pe eb” =(bebe...¢b 
m factors 

= bebe...°b 

m+n factors 
= pum 

Case 2 (m,n < 0) 

= 1 

= =tarny 
pam 

Case 3 (m > 0, n < 0) 

basb. abs 
=n 

= pin (-n) 

ts pum 
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Case 4 (m = 0, n # 0) 

ped” = Doe” = bd” = b 
44, Case 1 (m > 0) 

(ab)™ = (ab) (ab) (ab)... (ab) 

m factors of form (ab) 

(acar...ea)(bebe...eb) 

m m 

= a™"™ 

Case 2 (m < 0) 

o+n x, pam 

ak it (ab)™ = = ———— (because -m > 0) 
(aban) boos ba 

1 Al ms sm 
=———— Oo Sl FO 

-m -m 
b 

(ab)™ = (ab)° = 1 (for ab # 0) 

= a°+b° (for a # 0, b # 0) 

wlan eh” 

Section 4.2 (pp. 206-207) 

I oe ee feciae eeeicor 7) (oot era anh 

BeS3) 10, # 11. 20 Wie ows. 3) ix tis aicte? 
16. (x2+y2)? sl 3br8 18, r(3+r)é 19. m’ 20, ees 

aah (r2+t)8 22, (r24+t)8 23. No 24, Yes 

25. No (try x = 4) 

In exercises 25-27, symbols refer to the principal, or 
positive real root 

26. ¥9 = 9% = (32)* = 38 = V5 
27. IBS = 125! = (5°)§ = 5t a V5 
28, 9h = he = (22)b = ot = Wo 
29, (a) For x = -4 to 4 in steps of .25, a table of 

values for (x, F(x)) where F(x) = 160+2%, 
(b) sketch 

30, Take x = -3, y = 3, and 

(-3)? = (3)*, but -3 #3 
31, In each part let x =<, y =<, where m, p € Z and 

nyadeei Za. 

n= 2 
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(a) As in the discussion following Theorem 1, because 

we want to show 

me? mp 
(b")4 = v™4 , consider 

mp mp 
((b7)2)"4 ana (p°4)74 

By using Lemma 2 a number of times, 

we mi pm mp 

((oOj9yRS = ( (pe) 20 (bye ph = (nna ae 

x 

(vo) Boa vX- + = v*-p7Y (py Lemma 2) 

= v**-Y (py Part (1) of Theorem 1) 

px7¥ 

(c) ((ab) nyn = (ab) = a™™ = (a yates a 

4 (EE By yByn Eta) ee nea 

(4) (G)* = (a-b77)* = a%-v™* (by c) 
x 

af 
32. (a) ESS not; i.e. b’ = 1 or Doe 

If b’ = 1, b = 1, but this contradicts hypothesis. 

i i 
Suppose bp" < i; aince 0. Boeto 

us 

Co )? < 1 (Don't prove this sequence of steps, 
although you could use mathematical 

“aye él induction. ) 

eer 
or Pie 1. But this also contradicts the hypothesis, 

so b™ > Ak 
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(b) Use theltacts thatein <> 1, x” > 1 for m a positive 

integer. In particular 

Blh eages a (By part (a)) 

m 
Hence = sk 

(ot) a2 = poasel 

2. (a) 3.32 (vb) 8.83 (c) 1,82 (da) 1 (e) 36.49 

2. xN3 De ~lorl 2 y, xV3_yV5 Bones LO 

7. 90%3 4604341 8, 2xV2-yV2 iy? 9, 8 
10. x = V2. This can be seen by: 

x* 

i ox = 2, x*°=2 2x =+V2 

Take the positive root 

11. (a) Graph approaches (gets closer to) negative 
direction of x-axis and positive direction 
of y-axis, 

(b) Discussion 

1», (a) a (b) reflect in y-axis 

(c) reflect in x-axis 

(d) The translations 
X,y)~(xt2,y 
x,y)~(x,yt2), and 

x,y)~(x-3, y+1) 
acting on the graph of 

x y=4* will produce_the 
graphs of y = 4%~@, 
y-2 = 4X, and y-1 = 4X*3, 
respectively. 

o 

~ 

ay) 



n 
+ 

13. (a) Consider f (=) Ey ae ree ve 
m 

Now 2" = thm, put 2" = 92 > 0 

by agreement (see text). The Y2 represents the 

positive ne root of 2. The rest is easy. 

For m > 0, m= O, or m< O,; 

1 1 

(2)™ > 0 because 2” > 0. 

(b) Statement Reason 

1 aX es) aXe O i. X, < Xy 

{25 O28 Sse 4i. This is an application of 
Exercise 32, Section 4,2 

it 2082S Ont iii. Multiply both sides in ii. 
by positive 2°} 

lay) ies) xd babe) vee fy) Pt f(x,) = ox 

14. Strictly increasing for a > 1, strictly decreasing 
for 0 <a <1, constant for a = 1, 

15. Let g:x ~ a*, where a > 0, a # 1. To prove that g is 
1-1 requires that we show that for any x # y in the 
domain of g, g(x) # g(y). 
Proof. If x # y, then one of x and y is the smaller; 

say x. That is, x < y. But by Exercise l4, 

if x < y, aX < a’ (g is strictly increasing) 

or a* > aY (g is strictly decreasing), 

hence g(x) # e(y). 
When a = 1, @ is not 1-1 for g(x) = 1 for all 
x € R. t 

16. P(t) = 3000+(4)*©. P(1) = 6000, P(5) = 96,000. 
Major assumption: growth remains unchecked 

17. (a) P(t) = (3.5) (2)¥ 

(b) In 1982, P(12) (3.5) (2)? ~ 4.9 million 

In 2006, P(36) = (3.5)(2)* s 9.8 million 

Note how the DORE in 2006 can be predicted 
from that in 1982--there is a difference of 24 
years; if the population growth pattern remains 
stable, the population should double. 

18, Research question, 

In Exercises 19-24, the BASIC programs will all be 
variations of the type of graph-plotting program given in 
Section 6 of the Prologue. A sample program for Exercise 20 
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will be given: 

10 DEF FNF(X) = 2t(-1#*(Xt2)) 
20 READ A, B, S 
30 DATA -3, 3, .2 
40 READ C, D, N 
50 DATA 0, 1, 50 
60 LET H = (D-c) AN 
70 PRINT "Y-AXIS: FROM "C;"TO"D;"IN STEPS OF"H 
80 PRINT 
90 FPR I=OTON 

100 PRINT "-" 
110 NEXT I 
120 DEF FNR(X) = INT(X+.5) 
130 FOR X =A STEP $ =A TSB 
140 LET Y = FNF(X) 
150 LET Yl = FNR((yY-C)/H) 
160 FOR I= 0 
170 IF I = Yl 
180 PRINT " "; 
190 GZ TH 210 
200 PRINT "*"; 
210 NEXT I 
220 PRINT " "; 
230 PRINT X 
240 NEXT X 
250 END 

RUN 
PLOT 
Y-AXIS: FROM 0 TO 1 IN STEPS OF .02 

-2.8 
-2.6 
Boy 
oe 
=O 
=i 

- =1¢6 
-1.4 

* “ah 
* -l1,. 

# - .800001 
* -.600001 

* -.400001 
# -~,200001 
* -—8,94070E-07 

# - 199999 

a and so on up to 3. the graph is symmetrical 
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Section 4,4 218-221 

ie 

e* |.05|.08 |.14] .22| .61] 1 |1.65|4.48]7.39|12.18|20.09 

In Exercises 3-6, the graphs are all congruent to the graph 

of y = e* because each graph is a translation and/or a 

reflection of the graph of y = ens 

Be 4, ye 
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(b) 

a) Range = {g(x) > 0: g(x) € R} 
b) strictly increasing 
eden < g(x) < 50 
d 

3 eA ie 
9. i. arog 09) 3 as 618 

b) 5000(1.03)* = 5627.54 

10. A(t) = 5000e°™%*; a(2) = 5000e°22, But e*2? is not 
in the tables. Since .12 is 2th of the way between 
pI PBDOs 615, 

1.1052 
ao 

el) = 1.1618 
(1.1618 - 1.1052) = .0226, ana 
x = 1.1052 + .0226 = 1.1278. Therefore 

A(2) = 5000(1.1278) = $5,639. 
AR fa) 73.89 tr) N(-1)*.183 and N(#) * 4034.3 

c) 0,425 ad) -0.35 

12. From 164 = Boek, ek 
ei © DKA «i De 

= 2.05. The table shows that 

@ i = 2.0138 262 (05) .02 

2.405 

a?!) = 2.1170 
So 3k » .72 and k » ,24 
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Igoe (a), Verify 
; {2} 1800k = -0.67 

k = -0,00037 

(c) 100e7°9P%T*. 20,19 
~,00037t = -1.6 

t wh, 324 eyears 

14, Aes = -10A,5 es = .,10, so 

ene = ~ 1003 

3k e = .10 96 ) 
= 95 (.1)x .096 e724 = .0907 ae 

So 3k w -2.304 and k w -.768 

15. (a) f(xty) = f(x)-f(y) 
ay) Saha, 

MES) 463i 
16. In (R,+), O is the identity and each element x € R, 

has an inverse -x € R. In (Rt,+), 1 is the evdiern + 
and es positive real number x has an ee 

vention = ef S € R is a 1 - 1 mapping of R onto R + (eon 
Section i 5 - By Exercise 15, since 

exty 

ereey 

f(x)-f(y), 

ee the underlying structure of (R,+) and 
)3; hence f is an isomorphism, 

Lo. a sketches will be variations of: 

b 

i} ae 

aXe} Sh I) 

Section 4, 0225-226 

1. (a) x = 2y-4 GE the function given by y = 4x+2 
b 2yt2x-6 = 
c ae si: x pg 
d ba tf iG. Bw lp a, oar »(0,-1)) 
e) {(x,y): x+y+l = 

2. (a (b) 

yf 



(4) 

Rep aja on Mb) 9 0s (c) aOR R(d)r a, a(e)e Sige (teat 
fe)e2 Sein) hr, Ws ey (5) oree(K) 528 (4) ea 

wee(a)at and IV (b) No ~~ (c) Yes.at. (1,0) (d) Yes 

r- g+-2=5 8. F-Gs)H=3 901 
cule) (Os 0) wes f (0,0)5 ee 0O)e= (0,1)3-r(0,2) = (2,0) 

: Under a reflection in the line y = x, the 
image of the graph of a function is the graph of 
its composition inverse, assuming it exists. 

11, Not an identity (Try x = 2 and y = 4) 

12, An identity 13. An identity 

14, Not an identity (Try x = b and y = b) 

Section 4.6 (pp.232-234) 

l.(a)a (v)— (c)2 (a)Z (e) -1 (2) 
(g) 0 (h) 100 
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Dna) eo TOT b) -2+.3365 = -1.6635  (c) 2.3365 
ad) -2.1938 (e) 3 i) 1.8189 (zg) 0.5119 
h) -3.3251 (i) 4.1461 

3, (a) 754 (2) 8.31  (c) 0424 (a) 2.20 x 1074 
fa} HOM f) .000061 

4, 4 n w 8.16 (b) n = .066 (c) n w 12721 
a) n w .0007 

loge) 715 1461) 
5.x 3d 6. t= shes * “opens = 1.20 

7~-n= log 9,82 = lo ~ 1,08 
0g 3 At 8, 8 years 9 months. (Solve 10,000(1.02)"” = 20,000) 

-1 
Se 3 

10. The equation is: 2°10! = 10/-e*, 
The solution: t s .23 days 

11. Solve 5c = cee” for t. t w .14 units 

12, (a) t = 11% years (b) r = 5% 

15. 0 = log. 
1 

logy 
Al 

= log + logy y 

‘ ley oe Log, 5 = log, y 

Review Exercises 0235-236 

1. True 2. True 3. True 4. True 5. True 

6. False: logl43 = 2 + log 1.43 

7. False: Range = {f(x):f(x) > 0} 
8. True 9. True 10, True 11.243 12.5 13.¢ 
4,2 15, * 16.2 17,2 18-1 19.1 20, 100 1 

6 21. -15x§ 20, x-y 23, HF 24, 3°THL 25, x4] 26. x8 
Zi % 2 28, 

¢ a” 

t 
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Bl. (a) x= (b) x="% (c) x ~ 1.49 
32. r= .5 33.t=-.55 34. n= 7.05 

35. (a) 50 watts (b) 18,4 watts; 11.6 watts 
ec) about 172 days 

q w(t) 

300 

Section 5.1 - 241-24 

(@) (e) WT T (e) moe. 80° 75..9g0° 8. 215. Ls 6. 120 

7. a G2 Ai10o Fg: a 10, ou 11. 120° 12,4 225° 

. sh KUOS) SIGSG57.5° “160k Bs G17. Ee 118) F 
19. A aD 

21. radian measure cosine sine 
(@) fs (@) 
T il 

é = 5 
T J2 J2 
zy = as 
T al 

5 $ ae 
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radian measure cosine sine 

1 5 O x 

5 =D ng 
a eS 
- 8 43 
7 -1 O 

Se 
oT Ab O 

22, The unit circle is {(x,y):x?+y? = 1} 

23. The point corresponding to 217-8 is symmetric in x-axis 
to the point corresponding to 6. .. the x-coordinates 
must be identical and cosines are identical. 

a4. O< a<s, the points corresponding to @ and +@ are 
symmetric in the line y = x, .. the y-coordinate of 
one equals the x-coordinate of the other. 

25. The points corresponding to ® and 7-8 are symmetric 
about the y-axis. .. y-coordinates are identical. 

26. (-2, 3 EGA (5c0s23°, 56in23°) * ie 46, .20) 

Bish Say AI, Ne ioe PE ee) 
zl, { + 

section 5.2 2250-252 

(=1,0)) 32. (Oy—0) 3.55 (0d) SAN aes) 
5, 2, —) 6 Ca 7, eee) 3. Coe) 

oe Ne (EE as 11. 6 = 2nm (n integral) 
Us 12, 6= a + 2nr (n integral) 13. 6 = 2n7r -< (n integral) 
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14, 

16. 

17. 

a8. 

19. 

20. 

rag 

24, 

8 = nr (n integral) 15. @ = 2nm (n integral) 

F, 
Ps 

symmetries: in y-axis = 
If allow domainfR, then line symmetry in x = kn, 

point symmetry in ((2k+1)z, 0), translation 2kr. 

symmetry = in point (0,0) d 
If allow domain [R then symmetries (lines x = (2k+1 xs 

points (kz, 0) 
translation 2kr 

Range of each function is [-1,1]; that is 
(Vat) = lL icayo< 1} 

cos @ IBE 2kr sin ee F+okr = (4k+1)F 
2 

Q= ieee 6, sin 6) 22. OB = 16 
B = (OBcosé, OBsiné) OA = pa 

AB = OB-siné _ 1073 
AB+0OB = sin@ 23. XY = a 
OA = OB-cosé@ _ 20/3 
OA+OB = cos9% XZ = 3 

NP = 19.25 
MP = 7.45 

L7 a 



Section 5.3 (pp.254-258) 

1, w(F) = (0,1) and o(-3) = (0,-1) 
In each case 0? + 17 = 1 

2's w(42) Ee ee and w(“$2) = pee 

CuCl oe cea 
3. off) = (BAB) ana o(-Z) = (9,3) 
bh, fli = GEE) or Gee) 2 

5. oS) = (42) ana ofS) = (B52) 

11. A function f is periodic with period p iff is the 
smallest number such that for all x, epee £(x)% 

aly fr 



Alternate: (x,y) in graph of f iff (x+p,y) in graph of 
ie 

12. period in (6) is 2 13. {a} fot =f 
yyy Sy a b) translation; translation 
8) is of period moves graph 
9) is On onto itself. 

(10) is 1 
14, ta} period 2 (b) period 24 (c) not periodic 

d) no apparent period 

15. even; prof f(-x) = (-x)? = x? = f(x) 

16. even 17. odd 18. odd 19. even 20. odd 

el. even 22. even 23. even if n even, odd otherwise 

24. even function symmetric in y-axis 
odd function symmetric in (0,0) 

25. All odd index coefficients must be zero if p(x) is to 
be even, All even index coefficients zero is necessary 
and sufficient for p(x) odd 

Bo.210.6 sec | 6272 °8.06 8 c  28,.0712 wc 829; 6495 wa 

30. b 1.84, m ZA = 2289, m ZC = 224° 

31, mZLA ~ 199, m ZB ~*~ 26° 

Section 5.4 ~262-266 

L 
a 

sin x + cos x = V2 sin(x+;) 

“i 
6. (a) amplitude A with graph translated up B units 

amplitude A, flip graph about x-axis, then slide 
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down B units. 

Te 

8, period = 7 9.p=S lo, p=6r 11. p= an 
amplitude=1, ial Reman a= 
frequency = 38 af ‘f 

a Oe ae OT, noon, 

2. p= 13. p = 107 We pag 15. P= 3 

= 1 asl az=l a=l 

a 4 a 
(ye T o = Tor wy = T Ww 3 

} 16. 27, 22 +. period is =f 17. 7, F-. period is =F 
2 B 

20. (a) 2cos2x (b) 48ink — (c) 10(singx) + 10 
% i) amplitude = 2 uf eens 

eriod = 2 Beis = 
P Pp p = 4r 

(a) 220sintrx  (e) oe (f) 3(cosgx) +5 

218 2(cosk) 42; rising and falling fastest midway between 
highs and lows 

22. h(t) = 6singt start at P 23. a(t) = 10sin mt 

6cos ° start at Q 

24, maximum t = 0 * 20 * Re 

minimum t = as = kB 

D> —~ ct ~— 
I! 

zero t= b Kxe} 

Section 5. 269-271 

1, cos 75° = cos (45° + 30°) 
= cos 45% cos 30° - sin 45°esin 30° 
_V2V73 _ V2 1 
“abo eel * 
% .259 

2. sin 75° = sin(45°2+30°) 
= pan Ue peoonacs + sin30°cos}5° 

eo Me +55 

pap ae 
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3. sin ke sin(S + a) 

Seaseets ae 

PEN Y2, (42) 

ber 

ii 

4, cos 3 = cos (2% + tr) 

= eee - sinet ing 

(2c) = (CEE 
97 

5. sin an A-cos*ilz 

20 

6. sin(6+r) = -siné 
Proof: sin(é+7) 

vz il 

sinécos7 + sintcose 
(sine) (-1) + (0) (cose) 
-siné 

7. cos(@tr) = cosécosr - sinesinr 
= -cos6 

8. sin(z - 6) = sin(Z+(-6)) 

= singcos (-6) + sin(-6)cosy 

cos(-8) = cose 

9. sin(@,-6,) = sin(@,+(-6,)) 

siné,cos(-6,) + sin(-6,)cose, 

sin@,cos6, - sin®,cos6, 

10. cos(@,-6,) = cos@,cos(-6,) - siné,sin(-6,) 

= cos6,cosé, + siné,sinée, 

cos(6 + 6) 

= cos@cosé®@ - sinésiné 

= cos?@ = sin?6 

12, sin26 = 2sinécosé 

a3. cos (5 - 6) cosscosé + singsine 

11. cos2e 

= sin6é 

14. cos(7 - 6) = cosrcosé@ + sinmsin®e 

= -cos8@ 

15. cos(2r - 6) = cos-6 

= cosé@ 
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16, cos m 17. sinx 18, -cos(p-q) 19. -sin(®, + 65) 

20, 2sin x cos x + 1 = (sin 2x) +1 

21, cos 15° = cos(45°-30°%) 

= goss’ cos Ona sin5°sin30° 

_ V2N3 v2.1 
il ee ae 22 

ss 697 

22, sin 15° = sin(45°-30°) 
= sint5°cos30° - sin30°cos45° 

av2N3 ive 
Sia ea 

Ae 
23. cos =15° =" COs ale a .97 

24, sin -15° = -sin 15° » -,26 
info “fo v3 -1 “vJb6wW2 V2eweb 
aos a 2} ] uy q 

5d 20s 21. 
iJ2 4/2 =a — JewW6 wb6+W2 
ieee Ge: vay een, lo ae 

BOCES) i) GAs) i) (Sees 
29. (a) PQ = W(x,-x,)* + (ys-y,)? 

x (o) (32) 
u(y") 

(c) Distance between MP and MQ = 

J((x,-*1)c0s 0= (y,-y,Bin6)*+((x,-x, )sine+(y,-y,cose)* 

= 2 29. X_~-X, )®cos? 6-2 (x, 

(x,cos@-y,siné, x,siné+y,cos 6) 

fl (x,cos @-y,sine, x,siné+y,cos 6) 

cOs 6siné+(y,-y, 

+(x,-x, )?sin? +2 (x,-x, ) (y,-y,)cos ¢siné+(y,-y,?cos76@ 

/(x.-x, )? (cos? 6+sin®6)+(y,-y,)*(cos*e+sin=6) 

\ i 
0\ _ /o 1 9 9 1 Bula m( )- S ie os c 

30. (a) M(g 9} (>) M (6 sing | AcaM(eine 0 
(d) Leave origin fixed; spin (1,0) to an angle of 0; 

spin point at angle -9 to (1,0), angle 0. 

(e) If Mis an isometry that agrees with rotation of 
8 about (0,0) for 3 non-collinear points, then M 
must be the same as the rotation. 
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sin x cos y + sin y cos x 31. (a) sin x13} 
= cos x cos y - sin x sin y cos (x+y 

IM Cele aan eae 
32. Many possibilities: 

05 PRINT hy the hee "; "FORMULA"; eee shee "FORMULA" 
Ee 10 FOR X = -6,28 TS 12.56 STEP 

20 FOR Y = -6.28 TH 12.56 STEP .31 
30 LET S = Sui (x *CZS petal Fos x 
40 LET C = C@S(xX)*CcGS(Y)-SIN(X) *SIN(Y 
50 PRINT SIN(X+Y); S; C@S(X+Y); Cc 
60 NEXT Y 
70 NEXT X 
80 END 

Section 5.6 273-274 5 

1, sin225° - sint> (ee jaa NG ven V2 we 1375 

ayweie frat on 
2 
+1 

a ae 
[cos67e = sin(90°-673 ) ] 

° 
Oo. cos6Tz 

3. sin2x = 2sinx cosx 2(<) (c) 35 

h. cosex = cos?x=-sin?x = aa S ~ ms 
35, 

5. cossx — 95 6. singsx = fe 8 % .32 

7. sine = ase %® 16 8, sin2y = 2 (45) (33) = -i55 

ee ete a) Secetare ean ee 
Ea 

10. costs = coss(42) = 5 8 226 

9 

me. If eee = /1-cos76@ 

Then sins[27 conse = jfi-cos?6 

oT 6.8; / 2, (1-cos 6) (1+cos 6) ae {1-cosé 
pam he § +cos6 ~ D 

12. cos*x = cos*x-sin?x = cos?x-(l-cos*x) = 2cos?#x-1 
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sinex 2sinxcosx _ esinxcosx _ cosx 
13~- ToGosex ~ I=cos*xtsin®*x ~~ osin®x ~ sinx 

aL A. 
eee cos (z+y)-cos (¢-y) = (Y.cosy-tsiny]-Ypcosy+tsiny] 

= - sin y 

cos (F+y) = cosgcosy - singsiny = - sin y 

15. sin6x = sin2(3x) = 2(sin3x) (cos3x) 

16. Many possibilities: 
05 PRINT "P"; "SIN P"; "FORMULA"; "C@S P"; "FORMULA" 
10 LET P = 3.1416 
20 FOR N= 1 TG 6 
30 LET S = ae nang) Hahee 
#O LET C = 1+cgs(P))/2)+.5 
50 PRINT P/2; SIN(P/2); S; CAS(P/2); Cc 
60 LET P = P/2 
70 NEXT N 
80 END 

Section 5.7 277-278 

trigonometric 

(cost + i sin =) 

(cos os + isin 3) 

5 

5 

5 (cos 53° + i sin 53°) 

4 

6 

2 

or eT) (cos = ot =f sin > 

(cos -23° + 1 sin - 23°) 

(cos 255° + i sin 255°) 

4/2 (cos <> 28. wedin =) 

61-6 ; [6,2]-(v2,7] "(62.30) 
~6464 ~6464 

(b) (-31)? = -9 3 (3.45)? = [9,30] = -9 
(c) (Fy24B1)(-1w31) = “BB - 3B 3h 

bl ante oa Ee 
(s.¢) (2.2 J] = [6,27] = -w3 + 34 

i] i] - (a) (61) (1+1) 

il il 

(a) (4-44) (3431) = (10+12)-101+12141 = 24 

[We,-7]-(We2.7] = [24,0] 
9. 271 = [4, -0] 
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1 L444 hohieheg] 
oe = ite ce Ne ot) 

(We,tI = bgt] = 3-3 
a a = -53 [2,5]-3 = [5-5] = 5: (cos"F +i sin 5) 

30) = 
12. sy = 53 (5.5F)-1 = (5,5) 

ye. te $- $s Wed = OB Bee - oy - 3-3 
14. Z= [r,-6] 15. Z-% = [r,6]-[r,-6] = [r?,0] 

16. Z5°2 = [3.5] -[r, Q])=_ (Sr; a+5 ] 

. f is a stretch with factor 3 and rotation of 3 (90°) 
all about the origin. 

shy qu! fe) 17. stretch rotation 5, = (240°) 

18. stretch rotation r,@ 

19. |r(cose+i sin6)| = |rcose+i r sine] 

Ae cgseuiREaain® 8 
Bat costerainio 
= Jr?.1 

= |r| 

20. [r,(cosé@,+i siné,)][{r,(cos®,+i sind.) ] 

= r,r,[(cos@,cos 6,-sin@,siné,)+i (cos 6,sin@,+cos6,sin8, ) ] 

= r,r,(cos(e,+0,)+ i sin (6,+8,)) 

21. translation 22. do stretch rotation and then trans- 
lation. 

Section 5.8 .280-281 

1, Z= 1+3i = (2,§] 

Thus Z? 450) = 2420/31 

Z°> = [8,7] = -8 

APE TI Bia tir 
rte bE) = Bohs 

2, -6-61 = [6V2,47] 
Thus Z? = [72,5] = 721 

[43av2,5F]= 432-4321 i} ge 

eh R= et athe BZ 
ae 



3. -g = [gor] Thus 2? = [g,0]) = g 2° = [yr] = 3 
tl i] ine) N 

i] IX) ll 
—_= 
_ (2) —) 

| 4 V ae ee 

4, Hess) = [1,-]] Thus 2? = [1,-$7] = -5-¥1 

Z° = [l,-r] = -1 Z-1 = [1,5] = awe 
= a me as 

Z-% = [1,57] os ~5+iP4 

5. -21 = [2,5] thus Z? = [4,7] = -4 2° = [8,5] = 81 

Z-i = [551 =5 Vogt A = [7] = -t 

6. (21,-24) = ([2,.5],[2,52]) 
fo CESS AEE ee tenes aden 
8, (1 ee eie ete t= rl fe ede) 
9. (2,-1W31,-1V31) = ([2,0], [2,3], [2.53]) 
10, Wew6i,V2-V6i} = ([W2,2],[N2,°]) 
a1. (2,-24°92,-3-4$a) = ((1,01, 12,281, 1481) 
12. ([+1,r], (+12), (1,28), (1-41, [1,20)) 

QT Mar 
136 ((¥2,0], P/2,=5], [¥2,-3]) 

14, {0} y solution set to No. 8 

15. (0,-$,-g$i, $1) = (0,1B2), [dor] [p2E1) 
16. {{1,557]:k=0,1,2,...,n-1) 
17. A commutative group isomorphic to (Z,,+) 

18, A commutative group isomorphic to (Z3,+) 

19, A commutative group isomorphic to (Z_,+) because 
absolute values are all 1 and under +, angles 
add (mod 27). 

20. You generate an infinite set because the sets of roots 
are not closed under +, This is reasonable because 
looking for roots to Z%=1 is essentially a multipli- 
cation problem, 

Section 5.9 285-288 

1, I= 1.5 amps 2. R= 15 ohms 3. E = 240 volts 

4, E 185 volts 5. R,= 15 ohms 

6, I, = .8 amps, R, = 4 ohms, I = 3.8 amps 
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7. I, = 3 amps, R, = 1.5 » R= .6 

So. E= IR, + IR, 
ba me, BOSE GS) eh 

9. E = IR l= % R En R, 

E eee eee. 
E= I,R, so I, = R, LEP, Rye Rp 

E R,R B= I,R, T= R, ees 
10, E, = 200 volts, R, = 1.2 ohms, E = 212 volts 

14, sinl2Orx has period = and sin x has period 27. 

Otherwise the functions trace the same pattern of 
values. 

16, rms =S9~50 17. 154 sin 120rt 
18, 308 sin 120rt 19. a = 24 ohms 20. 3 amps 

il il 
el. 5 amps 22% cya. Bamps » Zamps 

23. 360 ohms, 240 ohms, 144 ohms 

Section 5.10 (pnp.291-292 

Function Zero 

1, V2sin(x + f) (Sn+1)7 | (8nt5)q | (4n43)q 
T T T T 2. 4 sin(x + =) (12n+1)z (12n+7 )z (Sn+2 )= 

3. 5 sin(x + .65) .92+2nr «=1[4.064+2n7r |[2.49+nT 

4, 13 sin(x+ 1.17) o4Ot2nr =13.5442nr = |1.974+nT 

5. 13 sin(x + 1.97) 2nr-.4 2.744+2n7r =| 1.17+nT 

6. 25 sin(x - .65) 2,22+2nr |-.92+2n7r- | .654+nT 

7. 8 sin x (4n+1) ($)} C43) (FZ) | nr 

8. V2sin(m + 7) seh yes ese es ete yiy 
1 1lent+1 12n+7 n+2 

as sin(120rx 7 3) 56 750 2on5 

10. 27.7 sin(120rx + .44) 
La 4 .27+2nr 

Orr 1207 

11, 15 volts 12, /96.5 volts » 9.8 volts 

13, V1Il7 volts ~ 10.8 volts 14. V585 volts w= 24.2 volts 

15. 8 volts 

16. The function g is the same graph as f translated 
2 units to the left; n is the same graph translated 
1 unit to the right. 
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17. sin(120rx+6) = sin(1201rx + sere) 

sin 120r[x + se] 

18, Slide the graph of sin 120rx left (+) or right (-) 

a distance ee the new function is f(x + eo) 

where f(x) = sin 120rx. 

19. (a) (b) 
xX Sim T Va (Sinx cosy ces qT) 

La 

AMEE Sin + coe ¥) 

Same as(a) 

Same as (a 

same as (Cc 

Second and third columns 
should agree approximately. 

One program that will work 
fi ° 

Ss: 

PRINT "x"; "3 #SIN(X)+4*CdS 
(X)"; "S#SIN(x+.64) 
FOR X = O TH 6.28 STEP .2 
PRINT X; 3*SIN(X)+4+*cC@S(x); 
5*SIN(X+.64) 
NEXT X 
END 

Section 5.11 (pp.297-299) 

1 
Lee ON oe rs. 4, ~0O 5. undefined 6, 0 

7. V3 8. undefined 9, a 10. = 11. 5 12, 3 

ck, Poe ea x ieesondefinedm tio. 0. elas se 

= 20. 32 PS ae 

23. y2 4.3x 24, y= =-.36x 25. y= = nie 

26, One program that will work: 
LOUPRINT # Xe eOTAN( XY 
20 FOR X = -4.7 TH 4.7 STEP .25 
30 PRINT X; TAN (X) 
40 NEXT X 
50 END 
Note: -4.7 ~ - Sf and 4.7 « 23 

18, undefined 19). 
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27. The sketch will be as below: 

28. Period is 7 
Proof: cot(x+mr) = cos (X+1r 

Sin(x+1r 

_ cosxcosT - sinxsint 
~ ‘sinxcosr + Sinmcosx 

-CcOs xX 

“ =sin x 

= cot(x) 

To show 7 is minimum repeating unit, assume 

cot(x+p) = cot(x) 

Then £OSXcos -sinxsinp _ cos x 
Sinxcosp+sinpcosx sin x 

or cos x sin x cos p = sin*x sin p 

= COs x Sin x CoB p + cos*®x sin p 

or 0 = (cos*x + sin?x)sin p 
or O = sin p 
or p = ner 

29. (a) ih (b) didi 

30. (a) symmetry about points (n7,0) 
translation x ~ x + nr 

(b) symmetry about points ((2n+1)5, 0) 
translation x ~ x + nT 

31. (a) odd (b) odd (c) even (dd) odd 
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32. Graph will be as follows: 
{ 
| ! 
) i 

| | 
) 

| | 
| 
) 

| 

' 

' 

| | 
| 

| 

33. Period of csc is 2r 
Proof: I. csc(x+21) = SNES = — = csc x 

II. If csc(x+p) = csc x for all x, 

then SIRTEET = sy 12(o9n Ea Ul or 

or sin(x+p) = sin x for all x 

or p = 27, period of sin x 

34. Period of sec x is 27. 

_ adjacent leg, _ opposite leg, 
a2 8 COB ypotenuse ” tang = aacent leg’ 

_ adjacent leg. _ hypotenuse , 
cote = Opposite leg? ®°or = Re Teg’ 

_ hypotenuse 
CSCa = Spposite leg 

sin?x cos*x+sin2x 1 
6. a) 1+ 2x = 1] + Es SS = 2 

3 ( ) tan*x cos7x cos*x COS "x aca 

cos (x+1r cosxcosT=-sinxsint -c osx 
b Oo = = = 

( Je t (xt) sin(x+1r COSXS inT+SinxcOsT -sinx 

= cot x 
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(c) (sinx) (cosx) (secx) (esex)=(sinx) (cosx) (4) (+—) 

sinx cOsx sin?x+cos?x 
cOsx  Sinx ~cosxeSinx 

(a) tanx + cotx = 

1 
= Cosxsinx = (secx)fscx) 

2 (e) tan2t = sinet _ 2sintcost 2sint, cos ?7t ] 
coset cos*t-sin-t cos t'cos*t-sinet 

2 tan thease] 

(f) esc (x+g) oom a = al 

T 
sin x cos=tcos x sine 

2 2 te 
at cos xX = sec xX 

eee Sree ae 
(a) (seex)(esex) = coi-g-sin-x @ TOscK’TSETE 

Pe deiseet roth iV of ' 
= Sonex sincn  ~L(sec-x) (ese-x) 

(b) 
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Section 5,12 2 3035-30 

1. {x:x 

{x:x 

s + 2nr} a. ixix = 3 + nr} 

ot + nr} 4. {x:x = nr} 

= 435 + 2nriu{x:x = 2.71 + 2nr) 

+Z+onr) 7. (tit = PRE = (t:tatedy + Be) 
+= + 8nrT}) 9. @ 

1 

i} 

i] 

233 + OnriuU{x:x = 2,81 + nr} 11. @ 

ZS +n) 13. {x:x = (2n+1)r) 

(2nt1)4)} ulx:x = “ + nm) u{x:x = vt + 2nr7} 

nr}u{x:x = + + nr} 

zE + 2nm}U{x:x = oF + Ont} 

(2nt+1)z) ulx:x = $ + nr) 
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ike 

19. 

20. 

{x:x = Onrju{x:x “3 + on} 

{x:x = nrjU{x:x = +5 + 2nr} 

{x:x = 1.37 + nr} 

21. @arc-cosine x = y iff cos y= x andO<y<rT 

@ domain is [-1,1] 

arc-cosine 

= Pa) I 
22. (L)arc-tangent x = y iff tan y = x and - ZBSYSG 

ee 

a4, 

eDs 

26. 

2) domain is R_ 

sin x + cos x = V2 sin (x + 7) 

. sin x + cos x = 1i<=> sin(x + tT) = 2 

<=> x= 0,5 

Program for search would be: 

05 LET R= 21.5 
10 FOR X = -3.14 TO 3.14 STEP .1 
20 IF BBS (BIA TNI tio ay > .05 THEN 40 
30 PRINT X, R*SIN(x+.7935) 
40 NEXT X 
45 PRINT "DZNE" 
50 END 
Make more flexible with INPUT values for interval of 
search, step, and criterion for accuracy. Then one 
can zero in on a solution region that appears likely. 

Change 20 and 30 as follows: 
20 IF ABS(TAN(X)-5) > .05 THEN 40 
30 PRINT X, TAN(X 
Also, delete 05 

(a) ~ 646 (b) Zz (c) ge (4) (e) | 

(f) 2 (g) = 1.177 3 
&) tT 0, cae ON ss oe 
Db) teeter, OT.elOns. ote 
c 16 Fal pe AT» 5» e166 

d) middle 

187 



(c) A suitable program: 
10 PRINT "TIME"; "DEPTH" 
20 FOR X = O TH 12.56 
30 PRINT X; 6*CGS(.5*X)+15 
4O NEXT X 
50 END 

27. (a) 106 volts (b)075 volte; 127 volts 

(c) max t = pea + ag), min t = ae + 5G} 

db n 
zero t = T80 + 150 

(a) E(t) = 75 when t = aS +R t= SS — 

E(t) = -75 when t = - a5 + re ae TT + 

28, (a) max, t ® 91 days; min, t w= 273 days; even, 
t w 182 and 365 days 

(db) 14 hours at 42 days and 140 days 
10 hours at 224 days and 323 days 

(c) sunlight depends on latitude location on earth. 

Review Exercises (pp.306-307) 

.() BS WES OES OES 
2. sing(0 + 47) = sin(x6 + 27) = singé 

Any smaller period would imply contradiction as follows: 
@ Suppose sin#(@+p) = sine for all 6 

@ Then in particular, for 6=0, sin § = 0 or p = 2kr 

@ Can k be odd? No 
sin#(e+p) = sin#6 a 
If k odd, then -sing = sin® or sins = O for all 6 
. k even and p = 2¢(2¢k’)m9 = 4k’r 

Informally, as ® ranges from 0 to 27, #6 has only 
covered half the domain of the sine function. 

3. Period of cos 386 is er 

8 
sing coskr + sink cos$ = sing 

4. cos 3x cos(2x+x) = cos2xcosx - sin2xsinx 
(cos?x-sin?x)cosx - 2sin?xcosx 
cos*x-3cosx+%3cos*x = 4cos*x-3cosx Hou 

5. sin 3x = sin@x+x)= sin2xcosx + sinxcos2x 
2sinxcos*x + sinxcos*x - sin®x 
-4sin°x+3sinx 

6. voltage 157 volts, frequency 80 cycles per second 
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Te 

8. 

9. 

NOS 

11. (a) 

(a) (16, 7] 
(a) -5 + W3i 
Solutions in polar form: 

(b) [18, 7] 
(b) 38/54 

in rectangular form: 1, 

1 + cot?6 = 

(b) 

(d) 

cos 

sin 
1 + $08.8 . 

its Oj, 

Bava : 
Ses 

Ssan=6 

oF, ones) 

= cl = csc*6 



12. (a) 

h-k [let x = 0] 
‘lk {a} OP = 12 since 12°30 = 360° 

b) 0Q = 
= [let x = 6 h+k 

ce) 

(b) ¥ = 12 = 4.5c0s(30x)° 
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CHAPTER 6 

Section 6.2 316-319 

BS p/P Ase 

{(a,d),(a,e),(b,d), (bse), (cra), (c,e))} 

A Base 

{(d,a), (d,b), (d,c), (e,a), (e,b), (e,c)) 

Ne ar Dae ae 

c 
a’ ne 

LN MY OIG f uN WES VAIS. 

{ a,c,f),(a,c,g), (a,c,h), (a,c,k), (a,d,f), (a,d,g), 

a,d,h), (a,d,k),(a,e,f), (a,e,g), (a,e,h), (a,e,k), 

b,c,f),(b,c,g),(b,c,h), (b,c,k), (b,d,f), (b,d,g 

b,d,h), (b,d,k), (b,e,f),(b,e,g),(b,e,h), (b,e,k } 

I ra NONE AG te 
H Ss H 7 H iy H T H H T 

5. 6¢5*4 = 120 6, 8°7*6+5e4 = 6720 7. 9e8°7°6 = 3024 

60504 _ Be7s625e4 _ 
8. oreren 20 9. Snssat = 56 

10, There are three elements to be assigned one-to-one 
to 5 elements. The first element can be assigned in 
any of 5 ways, then the second to any of the remaining 
unassigned elements, and finally the third element can 
ee Bp esate ae Rae of ees three remaining ways. Thus 

a ars (5)a = 

hie sede = ve 
' 

12:5 (n). = ne(n-1)°...¢(n-r+1) = n(n-1)(n-2)... (n-r+1)>——44 
. n! n-Pr). 

~ (n=rjf 

13. (10), = 10-9+8 = 720; (6), = 6e5e4e3+201 = 720 

14, Use formula in Example 22, with r = n, 
n?! 

(n)., = or but (n), =aen!. 0! = 1 

15. aire i= ign = (n(n-1)...2)e1 = n! 
e e e e 8 

SIL es al : 2524-25 _ 
ae ee 19. (71) = 1 20. 2p 22 = 2300 

n)\_ n! ae Ae 21.(2)= srteyr formula IIIB, Let r = n-r and substitute 
nee ne agli 

for x (ner) > (n-r) f(r)! =(") 
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n! roe n! 

22.(0) = or@or- a ny) lenk 
23.(2) a = 28 

24, (a) \ = number of segments but 9 of these are sides. 9 
2 
H 

a) ae n(n-1) Seen n(n-3)=2n ge) 

5 
2 
n 
r 

(b) 2 
25. (a)(3) +(3) = $5 + $333 - aga $33. -(5) 

(b) ) +(.09)= ne(n-1 eg n—-r+1 Spt n-r 

e N(hel) (n=-2) 2.6 (n=rFl r+1)+n(n-1)...(n-r 

n(n-1)... Bere rtlin-r 
r+1)? 

_ n(n-1)...(n-r+1)(n+1) _ Ga t) 
r+ ree ; “ad 

26. (a) cy (fea (3) - (nore) = (40) even 
ny) 

8 

mO Wl ie) aia oF * rtpvk = 20, Or = 16,.r = 8 

28, {a} S = {top up, top down, side} = {U, 
b) a(S) = 

L 
ie (He fp), (nb); tuple ty ne i Eis} 

on 0.20 0.55 Vale 
) 

ae 

0335 0.40 Os 
(c) P(U) = 0.35, P(D) = 0.20, P(L) = 0.45 

29. (a) See Figure 6.5 (b) 2? 

(oyelon © tea; t i a 

(a) 4 2 
3G 56" (36e s07 ao 50 

30. (a)(3) = 84 (») (3) = 10 (c) P(sB) = of or 

(a)(3) = 4  P(3G) = gy or ot 
(e) P(B and G) = 1 - Gs + 45) =l- --2 

(f) There will be 84 elements--10 with 3 boys; 40 with 

2 boys, 1 girl, (3)-(q)s 30 with 1 doy, 2 girls, 
(?)- ee and 4 with 3 girls. Use the elements 

(B,,B,,B3,B,,Bg,G,,G,,G3} to write out alljele- 
ments, Each element fas a probability of UI 

31. Four kings can be selected in only one way. For the 
other 48 cards, a hand of nine cards can be selected 

in [ t®) ways. This is 1,677,106,640. 

192 



32. (a) po 

START 

7 ee 
eee 

Gh 

(>) {(H,H,H,H), (H,H,H,T), (H,H,T,H),(H,T,H,H),(T,H,H,H), 
HH, ?,T),10.7,T,H)s (HT. He T)s (T, Hest) 5 (TH, TH), 
re PS : Ra ea sd od Clee UA) AK Wy Garg plan) GG a eG aad 

3 2 Pia 

(c) Each outcome has probability of = 

(a) {(OH), (1H), (2H), (3H), (4H)} 
| | | 

oes ut 4 1 
15. io I6 16 . lo 

ay 6+441 — 11 

33. P(Aug) = P(A)+P(), AUS = A ~. P(A) = P(A)+P() or P(f)=0 
34, AMA = AUA = S- P(AUA) = A + a 

but AUA = S,P(S) = 1... 1, P(A)+P(A) or P(A)=1-P(A) 

35. (a) A\B and B are disjoint 
b) Hence P(A\B) = P(A) - P(ANB) 
c) But AUB = (A\B)UB, and thus P(AUB)=P(A\B)+P(B) 

Substituting (b) in (c), we obtain 
P(AUB) = P(A) + P(B) - P(ANB) 

Section 6.3 (pp.328-331) 

ie (a) A= {(4,1), (4,2), (4,3 (4,4), (4,5), (1,4), (2,4); 

3,4), (5,4), (6,4)} 
B= { Let > 1,2 ’ 1,3 ’ 1,4 ’ 135 ’ 1,6 2 rapes ’ 

252),(2,35), 2,4 o(2,5)3(5sh)s (522). 3s2 

3,4 ’ 4,1 ’ 4,2 ’ 4,3 2(5,1),(5,2); 6,1 } 

C= { 1,1 ’ 1;3 1,5 ’ ae ’ 333 9(355)s She! 9 

5,3), (5,5)) 



: ne : ie s+), (254), (354), (45 Ra ey a 

(b) na) = =o" n(B) = 21; n(c) = 9; n(ANB) = 
n 

(c) P(A) = 76 P(B) = Sa P(C) = = P(ANB) = se 

P(ANC) = 

(a) P(A|B) = 7S P(BIA) = 745 P(Alc) = 05 P(clA) = 
2. (a) P(XUY) = sty-7q or BS (b) P(XI¥) == 

(c) P(¥|x) == 3. P(3Joaa) = F 
4, P(A) = $3 P(BIA) = 5 P(ANB) = ge = xd 
5. (a) 

—— — 

(b) P(B) = ae P(ANB) = ae P(A|B) -= 

a 

6. (a) 

fads vas 

- (fem, es »H, 2, eee (T,H,H, }(H,T,T), 
THT), (T,T,H), (7, 7,7 | 

(>) P( > 1 head) = (c) P(2 heads) = 4 
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8, 

Luminous] Not Luminous 

P(Luminous|Blue) = +, P(Yellow|Not Lunimous) = § 

eee ee oe 
Yp (Cz, Yp) 

meee ag ty (Cp. By) 

By (Cy,Bo) 

B (c, i 
Se ee i, 

A = other side blue = {(C,,B,), (C,»Bp M5 ei 

B = shows blue = ((C,,B,); (C,5B, Ce B)e 

C = other side yellow = {(C,,B,),(C1,By); (Cc, »B)} 

ANB = {(C,,B,), (Cy,B)) 
CMB = ((C34 B)} 

P(A) = 5 P(B) se 5 P(c) = 5 P(AMB) a= $3 P(CnB) = = 

1 a: 

P(a|B) = -q- = § P(c|B) = = = 

P(A|B)uP(cTB) =] = 

ae = ,92; P(B) = .80; P(c) = .60 
(3C) 

) = .92; 4) okt 
P(CHB) = P(3C); ey ==) P 

P(C]B) = oo =e P(clA) 

10, A = Event first ball is red P(A) = 

Event red # cand ball P(BJA) = a 

P(ANB) = aa = = 

Similarly with red replaced by white 

P(A) = pe, P(BIA) = > -. P(ANB) = 33 
Similarly with red Sarees by blue 

P(A) = 4%, P(BJA) = yy -. P(ANS) = a 

P(Both of same pats = a + oe +e = 

P(Different colors) = 1 - - 9 = o 

B 
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z Fas 

i2. 

13. 

14. 

15. 

16. 

17 = 

1G; 

P(A] (AuB)) = Se PhA\B); an(aup) = A, 
P(AUB) = ay + P(B); Substituting P(A|AUB) = p7qyo5 5) 
where ANB = 

Let A 
bulb ts good. 

Then P(A,) = 

P(A, 

P(E) 

P(ASA,) = 2. Thus 

NA,) = 6.5 = or +5 eo 

BCOn Es (>) p(ulz) = EUUME) _ 100 _ 2 _ 8 

Let G, = First object is good, G, = second object is 

good, D, = first object is bad, B, = Second object 
is bad. By 19 3 

P(G,) a 3 P(G,|G,) a= 29 ee P(G,G,) = $53 = 

P(D,) = PODaIDs) = 3B % FCDA s) = 3-28 = OF 

P(G,|D,) = 55 25  P(G,MD, ) = 5-53 - 

ED, 1G.) = a “ P(G,M,) = saa 3 = (Check = = a = 

(a)/ 

(c) 

(4) 

$) - 20 = (b) &) 10 

lL P(B,) = 1-5 =3 P(By) = 5 

P(8, 1B.) = Shey SE * 20 oF 
O cht P(Dif) = (Dif N a three) = 11 .. P(DN Three) = 3 (2 36 

P(3|Dif) = ae = oe 

$b 
P(ANBNC) = ae ) = P(BNA)*P(C|ANB) 

= P(A)-P(BJA)+-P(C]AnB) 

Use an addition table for O to 9 as a sample space 
A = The sum of two digits is even 
B = Both digits are odd 
C = One digit is 0 

) — 
A) 

(b) 

n(A) = 50, P(A) = 3, n(BMA) = 25 
n(B) = 25, P(B) = qs P(BMA) = F 

1 
P(BNA y 1 

P(BJA) = 3 “To 

id 9 n(c) = 19, n(CnA) = i P(ANC) = 1650 

P(C) =,44, P(CJA) = 1 = 5 
Td00 

be event first bulb is good; A, the event second 



Section 6.4 (PP.338-339 

18 

P(A) =P(B,)+P(A|B, )+P(B, )-P(A|B, )+P(Bs) *P(A| Bs) 
. (a) Let B, = a white ball is drawn first 

BIB) = 3 P(A, [B,) =3 

B, = @ black ball is drawn first 

P(B,) = % P(A,IB,) = % 
A, = a white ball is drawn second 

We seek EDs find the Ee) 

P(A,) = a 5 +33 = 
(b) Let A, = a black ball” is drawn second 

P(A, 1B.) 73 P(A; aes 

P(A,) = 33 + Hg = 
Also, P(A.) = 1 - P(A,) =1- as ye! 

3. (a) A = First ball is red’P(A) = AS P(BJA) = a) 

105 B = Second ball is red P(ANMB) = a e = 7 or 356 

(b) C = First ball is blue P(C). = os P(D|c) = 7 

D = Second ball is blue P(CNMD) = eee as a 

(c) P(AND) = P(A)-P(DJA) = 555 = a yy 

P(cnB) = P(c) eel Pe = G.\ 295 

: or 1 - (392 + agp) = 355 
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By total probability P(S) = P(B, )SRtSIBy )+P(B,)-P(S|B,) 
2.2 + 5-1 = 

p(B, |s) = Psu _ 2a) -P(61B Sib.) . £1 . 
Tree diagram 
P(B, ) 

ee ees P(B,MS) = + 

ee gaia 
4 er ERI = 8 

B, = White ball first P(B,) = <3 P(AlB,) = <Sy 
B, = Black ball first P(B,) = =o P(A|B,) = spa57 
A = White ball second P(A) = P(B,)-P(A|B,)+P(B,)-P(A|B,) 
=a a )( Car ye (5 b )( c Le att acer DC 
~ Natb/ Ye+d+i +b’ \c#d+1’ ~ (a+b) (c+d+1) 

B, = People who know; = People who guess; 
A’= Select Right Shell i. To find P(B, A) 
P(B,|A) = Cras $ P(B,MA) = P(B,)+P(A]B, ) 
P(A) = P(B,)*P(A|B,) + P(B,)°P(A|B,) 

P(B, ) P(R|B, ) 
il B,—————:: P(B, NR) = .1 

0 

ae P(B,AR) = .3 
———~ B 

0.9 a eee 
R: P(B,AR) = .6 

, 4 Oey) ein ee ake 
ee eae. + (0.9)(0.3) ~ .37 = 37 
Let Cy = Partitioning 

Let H® = event 3 tosses al heads 

We are asked to find P(C,|H°) 

P(C,|H°) = PRap eels 
P(H 

P(H*) = P(C,)+P(H®|C, )+P(C,) -P(H®|C,)+P(C,)-P(H®|Cc,) 
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P(C,) P(H®|C; ) 

is el 

O H? 

~ P(Cs]H®) = aol miter! 
4¥i24,2, 20 5 5 Og bo Oa oF 

8, Let K = student knows, G = student guesses, 
C = response is correct. 

We are asked to find P(G|C) 
P(G)*P(CiG P(G|c) = OTC 

P(c) = P(K)*P(c|K) + P(G)-P(c|G) 

C 
ae . tl OBE 

ee ey I aaa 0: +(0.2 
° te = Pe Oly eel 
aX 2 Seis ny 

eae 

re! 

TD Item is defective, ; Made by A Machine, 
B Made by B Machine, Made by C Machine, 
Find P(AID, P(BID), “b(cID) 

7 DIA 
P(AID) = BURySECDTET-E PTS} BUDTE)-¥ PUCT>PTDTC 

— Xe) xe 
PENS) Oe “fo Ae} A oe aS} e 5 

L. .00 = 2004 2 105 
~ ~O0kE+e,009 +15025 050 ° 

P(B[D) = 2224.05) «= ono ~O3 
P(c|D) = tom = 660 

SPevilOO ww lie ttbeLSseaerective, .t. came from A,B, on C 
PEEP ODADIAL ty. 152. 
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10. Q = person is qualified, Q = person is unqualified 
R = person is rejected, A = person is accepted. 
Find P(Q|A) 

P(Q) P(A 
P(QIA) = Brqy-PrATQy + PCG) P(A 

a 200) (.9 aeeTOU 
ORSON GSR) Ty eT GHEO Petey cael 

ae 

eee 
£20 Saas aN 

i@) 

a, 

ih 

=a) el las} 2] 12) . 
ies) 

(a) P(A) = P(A,)*P(RJA,) + P(A,)-P(A,)-P(RIAs) 

Ue iad Wiebe’ oT 

(bv) P(B) = Slag) + Sy = BB 
Since there is replacement the two events of drawing 
a blue are independent er ‘| 

*. P(BUB) = == = sF are 2 

12, (a) P(WiA) = .3 
a P(A)*P(WIA 

(>) P(A|W) = prayBTHTAT = PIB PTT 



Section 6, 345-348 

1. P(A) = 45 r() = 5 10) = 335 P(ANC) = 35 
P(ANB) = o53 oy = 733 P(A)-P(B) = a5 
P(A)*P(C) = = P(B)+P(C) = 
. (A and B) and (A and C) are independent 

Berth) os $3 P(B) = 33 P(C) = $3 ANB = {3}; P(ANB) = 

Anc = {3}; P(Anc) = =e BNC = {3,4}; P(BNCc) =3 

P(A)+P(B) = 7 A and B are independent 

P(A)-P(C) = 53 A and C are not independent 

P(B)+*P(C) = 7 B and C are independent 

4 ee) #0, P(S) = 1, ANS = A -. P(A)+P(S)=P(A)-P(ANS)=P(A) 

* 

and S are independent 

P(A) = P(ANB) + P(AnB) or pangs) = P(A) - P(AnB) 
But A and B are independe 
Hence P(AnB) i ERY op - ECP = P(A)(1-P(B)) 

(b) P(A) = P(AnB) + P(ANB) or P(AMB) = * 
or P(ArB) : ER) al )-P(B) = P(A) (1-P(B) 

P(A) = 2a2; P(B) = woo! FA) = #20 
“ P(A)*P(B) = P(ANB) = 

Hence by Exercise 4, A nave A and B, and A and B 
are independent. 

. (a) P(A) = $523 P(B) = ha P(AnB) = $53 
Hence P(A)*P(B) = = r4#% 
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O, other probabilities are not 0. Hence 

ae % P(ACB) si 

(b) Use P(ENN) = P(E)-P(N) 

P(ENU) = 25 = ae 55°20 = 54 

c) By subtraction from subtotals 
This follows from Exercise 4, 

8, Use ae P(AMB) = 
= 48, ANB 192, ANB = ee, ANB = 128 

128 

160 

9. After 7 games at the most, 2 more couee must be played. 
The probability that A wins given games won is 3, the 
probability that B wins is#, .. the odds in favor of A 
Mien 3 are 3 to 1. A gets 8 of 4200 or $3150. B gets 
1050 

10. P(M) = .20 P(E) = .24 P(MNE) = .O4 
Since P(M)- P(E) # P(MnE), the events are not inde- 
pendent. 

11. The two relays act independently. Hence 
P(R MR.) sr P(Rl) <P(Re mec P? 

(b) P(R,AR,) 095 x .95 = .9025 i} 

12, P(A) = 0.5 P(B) =p  P(ANB) = 0.8 
a P(AUB) = P(A)+P(B) or 0.8 = O5+p -. p = 0.3 
b) P(ANB) = P(A)+P(B)-P(AUB) for all events 

P(ANB) = P(A)-P(B) for independence 
. P(A)+P(B) = P(A +P(B)-P(AUB) 

(0.5)(p) = 0.5+p-0.8 or .5p = .3, p= .6 
(2) ip: 440.6 

13. P(Dy) =.) (Do) = 0.2 PD) c=. Oe e(s)e-meos 
By independence (D,,D,), (D,,D,), (D,,D,) and (D,,D,) 
are all independent, 
P(D,)*P(D,) = .005 (Both defects exist) 
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(a) P(D,UD,) = P(D,)+P(D,)-P(D,M,) = .1+.05-.005=.145 

(bo) P(D,)*P(D,) = .855 ( No defects) 

(c) P(D,)*P(D,) = .095 (Defect of 1st type only) one or 

(p,) -P(D,) = .045 (Defect of 2nd type onay)ecet 

both 
0.140 

14, The reduced pee Space toel(H,T),(T,H).(Tst)). 
Each has a P = 

.. P(H,H) = Ma “ 4 

Review Exercises (pp.348-351) 

1, (a) n(books) x n(seats) = 3e4 = 12 

(bo) Paae=e% (c) 7= (7), 
P. (a) (6), = 65-4 = 120 (b) (3), = 6 (c) P ym = 35 

3. (a) (3) = 120 (b) (S)- (2)- 60 (c) ces 

~ (a) 
iS) 

1e 
i 
N 
N 
E 

R 

(b) P(sum 7) 

Sets: 
E 

C 

O P(odd, even) 
N ek at 

D 
36° | 

D 
i 
E 
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Geer Pex). UY v= Le Ee P(xny)=P(X)- PUY f 
e055 ede = 0.8; P(XNY) = 0.5¢P(Y). Hence 
= 0.5+P(Y)-0.5P(Y) or 0.3 = 0. 5P(Y) . * P(Y) = 0.60 

7. See Text, Section 6.2 

8. P(AN(B, UBg))= 3; 

pale ele 

P(A|B,UB,) = 

a 

PS 
7 KY a 
ve 

\ B G 

/\ of af aN Mea 
(b) P(B°,G) = 4 ss (c) P[(B°G) UBt] = 4% 
(c) P(B?G?|B) = 4 

10, F(D,) = 0.12, P(D,) = 0.06, P(D,) = 0,88, PID,) = 94 

(a) P(BD,"D,) = (.88)(.94) = .8272 
(byeP(D. (De) (.12)(.94) = .1128 

P(D,; MD) = (.88)(.06)= 0.528 

P(DND) = (.12)(.06) = oe = P(Defection) 

(c) P[(D, MD) u(D, Dy) [D4 ] ~!1656 ~ .958 
‘ P(A)-P(DIA 

11. (a) P(AID) = S(Ry-BIBTATSPTB)- P(D[B)PTC- PD 
2 

Nigel 1 oil 

= _ 150 
025)+(.03)(235)4+(.02)(.40) = 335 UI 
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(b) ~ by P(cD) = gee and P(BID) = 392 
sete} 

Seer 

D = has disease, D = does not have disease, 
test positive, N = test negative 

.0 aaa 

Det M0 H ES ta 
90 N 

2 P(D) -P(HID 
(a) P(D|H) = 5 eee GD acy 

= Tous }torse Hea TIO) = T7002) (0.96) +. 9908) ( 10 
We 200192 _ 192 
= HOLST CORO = Torre * -1899 
2 002) (,041 

P(D|N) ee Ae e Lr e e (o) 

» ,00008° sé 
= ~Q0008+. 80820 = BOsaB  - 0001 

P(A) = py. P(AUB) = fs, P(B) = p 
(a) P(AUB) = P(A)+P(B) -. = = mt “p= +" 

(ob) P(A)*P(B) = P(ANB) P(ANB) = P(A)+P(B)-P(AUB) 

(c) (0.3)p = .3+p-.6 or .7p = .3 and p = 
af ~l il me aor, P(A) = = P(B) = ¢, P(C) =<, P(ANB) = 3b P(ANC) = 3 

P(BNC) = = 
P(A)-P(B) = P(AMB) .». (A,B) are independent 

Let 
H = 
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P(A)*P(C) = oe = P(ANC) «. (A,C) are independent 

P(B)*P(C) = aa = P(BNC) .. (B,C) are independent 

P(ANBNC) = O.. not all three are independent 

s 
E 
c 
0 
N 
D 
D 
I 
E 

FIRST DIE 
1 15. P(A) = 5, P(B) = 3, P(c) =% 

P(ANB) = , P(ANC) = q, P(BNC) =z, P(ANBNC) = 4 

P(A)*P(B)*P(C) = % = P(APBNC) 
P(A)*P(B) = ¢ = P(ANB), P(A)-P(C) = g = P(ANC) 

P(B)*P(A) = t = P(BNC) ». A, B, C are independent 

s 
E 
C 
(0) 
N 
D. © = ANBNC 

D 
a 
E 

De 3 

HIRSD DIB 

CHAPTER 7 

DeCCONE fe 0351-359 a 

aly, ap ae 
Q ie ORY os ZR . 

: P 
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Ze 
Avo’ oO ps 

OP 

(ae 

re) 
: oe Nae ee ae. 135, O35. 

7 8. V3; 30° 9. 2B; 90° 
SS TOee LO aoe 

non 5 11. Braking force = 3000sin25° 
6% ~ 1269 lbs. 

12. 4500(sin20°) = 1539 lbs. 

Section 7.2 363-36 

ee 7) rae (10,-1) Be (2,0) 4, (0,-4) 

5. < 

(d) 

(e) 

x+y ~ (x+2,y-1) (b) (x,y) ~ (x,y) 
=> (x4t2,y+l 

9 ad eee (b) (x,y) a (x+3,y+3) 

9 el 5 ¥; 

aca (b) (x,y) ~ (x+2,y-2) 
iS foe 

- eeaeebeey, (bd) (x,y) ~ (xtx,, y+y,) 
9) a tee e Sy Ran be Vi 

aS 0Q and OR be any elements in B, Label 
(x.5y1)> Q au (xeeyo)5 R= (aya) 

Closure: + is the arrow having terminal point 
Taxes ¥it¥e) 

PER OULD EA Tab Ye ne terminal point of (OP +00) +OR 
has cgordinates (x,+x,)+xs. The terminal point of 
OP+(0Q+0R) has coordinates x i+(x,+x3). Because real 
number addition is associative 

(x,+x,)+xs = x,+(x,+x,) 

and SO (OB+00)+0R = B+ (OG4OR) 
00 is in B and is the identity for arrow addition. 

Inverses: For each arrow OP | us ee ame OP eB 
where P’ = (-x,,-y,). OP+0P’ 

Commutatiyity: Let OP+0Q = ot ae (X,4%99a4¥e)) 
and let OQt+0P =.0S.(S = Fa Batts Yara 
But T = S, so OP+t0Q = OO+0 

1 
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Os 

nal 

The proofs for (a) - (e) are similar, so only part (c) 
is shown. Tea 
Prove: (r+s)OP = roP + sOP 
The strategy ig to show that the terminal points of 
(r+s)OP and rOP + sOP are the same point and hence 
the equality is true. 

Let P = (x,,y,). Then the terminal point of arrow 
(r+s )OP is’ ((f+s)x,, (r+s)y, ) 
The terminal points of rOP and sOP Aes) and 
(sx,,Sy,), respectively. Hence arrow rOP + sOP has 
terminal point 

(rx, tex, ry, tsy,) = ((rts)x,, (r+s)y,) 

. (rts yor = roP + sop 

(P,,+) is a commutative group - addition of polyno- 
mials is associative and commutative, O+*x+0 is the 
identity and for each (axtb)e«P,, (-ax-b)é€P, with 
(ax+b)+-ax-b) = O+*x+0 
The scalar properties follow easily but require space 
to demonstrate. The proof of (b) is representative: 
Prove: r((ax+b)+(cx+d)) = r(ax+b)+r(cx+d) for all 
r €R, (ax+b), (cx+d) € P, 

r((ax+b)+(cx+d) ) ms es + (b+d)) 
r(atdx+r(b+d) 
1a Ge sdere GP seo) SP patel 
Igzee Gevagel ap axes So ete 

= r(ax+b) + r(cx+d) 
The preceding steps all follow from properties of 
scalar multiplication and addition of polynomials, 

oe is a vector space over Q but NOT over R. 
I,+) is a commutative group and each scalar property 

is satisfied. 

(a) Yes (b) No (for all r€R, qé€Q, rq is not necessari- 
yarn). (c) No (Z is not a field) 
(d) No (For reason similar to the one given in b) 
, 

Ree. © may, oe |or’| = 20001bs, the thrust 

15. 

in the rod 
Joc’| = 2000/2 lbs w 28281bs, 

the tension in the 
cable, 

Suggestion: Have students discuss this possible un- 
expected result (the tension is greater than the 
weight of the anchor). Relate to fishing poles and 
lines, etc, - the need for using a line that tests 
at a much greater weight than expected weight for fish. 

x =V7116 ~ 13.4 

tana = .4 so a w 22° 

Captain should head 22° west 
of north at a speed of about 
13 Knote:. 
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Section 7. ° =315 

, (-4,9,-2) 2 (2,2, 0) 3. Impossible 4, (-1,-7,11) 

5. (-12,13,1) 6. (-1,1,5,-6) 7. Answers will vary 

8. 

{r(-1,2) "réR} 

9. (a) We know that the graph of m= {s(2,2,5):seR} is 
a straight line. The graph of 
£= {(1,2,3) + s(2,2,5) : se€R} is the image of m 
under the translation T(1,9,3)' (x,y,z) = 

(x+1, y+2,z+3). Because the image of a line is a 
line under a translation, the graph of 4£ is a line. 
Ask students how we know that m||z 

(b) 

10, (a) O< t <1. m= (2,3)4 $(3,1) = (65) 
(Di) pte ela ae) 

11, A ray with engpoint (0,0) passing through (-2,5) 

12, An open ray AC, where A = (1,-2,=4), that passes 
through (2,-4,-8) 

13. The point (3,9) 

14, The segment AB where A = (4,5,6) and B = (5,7,9) 
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15. The line containing (0,6) and (3,0) 

16. The parabola that Ruane down, has vertex at (0,6) 
with x-intercepts (+V3,0 

17. (a) Vector Form: {(-3,5) + r(5,- 
Vector equation: (xy) em ( 
Parametric equations: x -3+5r 

y = 5-6r 
(b) Vector equation: (x,y,z) = (1,-2,5) + s(-5,6,-1) 

5 ee + 43 TER 

tt 

Parametric equations: x = 1=-5s 
y = -2+6s 
Z = 5=-s 

(c) (x,y,z) = (5,-6,-4) + s(-1,5,5) gives 
x = 50—)S 
y = -6+5s 
z= -4+5s 

18, Let A= {r(4,-3,3)+(-4,1,2)} and B= {r(4,-3,3)+(0,-2,5)]) 
where in each case r € R, 
Pe Avif there’ isvan r such’ that 

(-4,1,2) = r(r,-3,3)+(-4,1,2); let r = 0. 
Toor es eh Is there an r satisfying 

4,152) = r(4,=5,5)+(0,-2, 33)? 
TE 80, Pies 4y and 1 = -3r-2 and 2 = 3rt5 
Since r = -1 satisfies each equation, P € B. 
Similarly Q € A (let r = I) and Q € B (let r= 0). 
Since there is one and only one line through P, Q and 

since P and Q are both in A and B (whose graphs are 
lines), A = B. 

19, Many possible answers, The two most likely are: 

3} pu (be 6,-3) + r(- pelea! re -R}°) and 
2 ae TeeNer a (5 eG Gene cen) 

A and B are elements of both sets - if you let r = 0 
and then r = 1, you get A and B in set (1); If you let 
s = -l and then s = 0, you get A and B in set (2). 

#20, (a) Proof: (4,+) is a commutative group. ; 
Let A tla,,a Seoe?s B= ula 92 dS eee? 3’ 

and C= v aoe he be any elias ooo 

Closure: A + B= t(a,,a gs eees A, )tu(a,,ag,2.6,8,) 

= (ta,,ta,,...,ta,)+(ua,,ua,,...,ua,) 

fl 

= (ta,t+ua,,ta,+ua,,...,ta,tua, ) 

((tt+u)a,, (t+u)a,,..., (ttu)a,) 

(t+u) (a, apd ) 2 L 

Associativity and Commutativit 
(2, +) Taneaite these enue from (a »+) 

Identity: (0) 0;.6.;0) 62 3 lett =00 

Inverses: For each element t(a,,a,,...,a,) € h, 
Qys8gs00028,) € £ and their sum is (0,0,0,...0) 

ll 
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(b) Scalar properties--the only property that has to 
be checked is that r-(t(a,,a,,...,a,,))€ 4 because 

the others are inherited from (R",+) over R. 
re(t(a,,4,,...,a,)) = r(ta,,ta,,...,ta,) 

a (rta,,rta,,...,rta,) 

rt(a,,A8,,+0028,) € & 

Make sure students understand why some properties 
are inherited but others are not, 

21. True 22, False (One reason - no identity) 

23. True 24, False (One reason - no identity) 

Section 7.4 380-382 

1. (a) (2,-3,4) € {r(-1,6,2) : réR} because there is no 
r such that (2,-3,4) = r(-1,6,2); that is, there 
is no r that simultaneously satisfies 
@2= -r, -3 = 6r, 4 = Or 

(b) Many possible answers 

(c) 

m(2,-3,4) ap n(-1,6,2); 

2n = n, y = -3m + 6n, z = 4m + 2n 
(d) (x,y,z) 

x 

+ 2m -n, y= 6 = 3m + 6n, z = -7 + 4m.+ 2n Ak 

Xy»Xg) = r(2,3) + (+4,1) 
X5>X—r%Xu 1 2: Aaa al) + Cheng 
XysXgsXs m By lsc) Sa n(-2,-1,5 ue (4,3,-5) 
XysXgsXgsX_) = 1(4,-2,3,5) + 8(-1,5,7,-6 

a fe Aa fl 
.m= 3 Dee TES er eS =e 4 

6. (B,+) is a commutative group 

r’(-2,1,3) + s’(1,1,4) be any 2 elements 
slig) ley AWaYese! 
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r(-2,1,3)+s(1,1,4)+r’(-2,1,3)+s ‘(1,1,4) = 
(r+r”) (<2, 1,3)+(s+s ’) 130th) which is in B, 

Identity: (0,0,0) € B and is the identity. 
Inverses: For each r(-2,1,3)+s(1,1,4), 

-r(-2,1,3)+ -s(1,1,4) is in B with their sum 
(0,0,0). 

Associativity and Commutativity: Inherited 
calar Properties--the only one that has to be veri- 

fied is that)for all’r‘é R, x-€ B, r’ox € B: 
r’e(r(-2,1,3)+s(1,1,4)) = r’r(-2,1,3)+r’s(1,1,4) which 
oan. 

*7, Let S= (rA + sB: r,s € R3 A,B € R"} 
S,+) is a commutative group. As in (6), closure, 

existence of an identity, and inverses for each ele- 
ment have to be demonstrated. Closure is the most 
involved: 
Let x,y € S. Then x = rA + SB and y = r’A + s‘B for 
some r, S, rr’, 8 ER 
i)x+y=rA+sBtr‘’A+s’B 
11) = rA +r’A +sB+s‘B 
443) = (r+r’)A + (s + s’)B and so (xty) €S. 

Note: Some or most students will probably want to 
let A = (21589500658) and B = (b,,b,,...,b,) and 

work the proof using n-tuples; this is alright, but 
can be avoided (as in (i)-(iii) above) by recognizing 
that (S,+) over R inherits properties from (R",+) over 
R. In particular, in (ii) we use the fact that + in 
(S,+) must be commutative and in (iii) that vectors 
in S distribute over addition of scalars. 

To complete the proof, the scalar properties have to 
be verified and closure is the only one that needs 
proof (the others are inherited). 

Let x € S, r’ € R. Then x = rA + sB 
r’x = r‘(rA + sB) = (r‘’rA + r’sB) € S. Done! 

8, A vector line in R® 

9. A vector plane: If A ¢ {rB : r € R} and A and B are 
both non-zero vectors, 

A vector line: If A ¢€ {rB} or if exactly one of A or B 
is the zero vector, 

A single vector: If A and B are both the zero vector, 

10. (a) Always true (b) sometimes true (what happens 
LfeB =e (O 50.0) 2) 

a Sometimes true 4 Sometimes true 
e) Sometimes true f) Never true 

11, A plane containing (2,6,1) and parallel to the vector 
plane {m(-1,2,7) + n(4,4,-8) : m,n € R} 
To see if (3,2,-16) € S, solve 

1) 3 = -m + 4n + 2 
2) 2= 2m +4n+1 
3) -16 = 7m - 8n + 1 Ol i 

212 



14, 

15. 

16. 

17. 

18, 

19. 

working with (1) and (2) gives m= 0, n= } which 
do NOT satisfy (3), hence (3,2,-16) # S. 

(x,y,z) = (1,2,3) + r(2,15—2) + t(57250), r,t er 

Many answers possible; here is one: 
R-A= (1,-3,3), C- A= (-1,-6,6), so equation 
takes the form 
(x,y,z) = A + r(R-A) + s(C-A) 

= (1,3,-2) + r(1,-3,3) + s(-1,-6,6), r,s €R 
The plane is a vector plane (it will pass through the 
origin) and must contain (-3,4,1) and (1,8,-2). 
Equation: 

(x,y,z) = r(-3,4,1) + s(1,8,-2), 8) GFR 

A vector plane that will contain (1,2,3) and (-4,5,1) 
(x5¥52) = r(1,2,3) + s(-355,1)} rys eR 

Note that 4, ||4, and neither are vector lines, so the 
strategy is to pick 3 non-collinear points and proceed 
as in Exercise 13. 
Let Ae (4,251 )he 2.5 B= (4,555) € 2 and 

C = (=3,5,1) € #,. Then B= A ="(0,2,4), 
C-A= (-4,4,0) and equation is: 
(x, 7,2) = a5 ty) re r(0,2,4) = s(-4,4,0), r,s €R 

(x,ysz) r10,1,0)at 6(4,1,=5)5 0,2. ER 

Ss r(250,0)7+ 600,770). 7,S5°¢-n 

Let the vector representations be I, II, and III. 
The chart gives for each representation the values 
of r and s that will produce either A, B, Cie © 

A B C 

Most entries can be found by inspection, 

Section 7. ~ 308-390 

1. (a) No (b) A vector plane containing baOe a6 and 

(cy iden + exe 45x a0 ate 
a T= Be aye ole y) : Xe a 5 and eX, a Xs * -2) 

3. 11x, + 5xg0— 9x5. =.0 
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4, A vector equation is (x,y,z) = Any 2,3) + s(-4,1,3) 
with non-parametric form: x - 5y + 3z = 0 

Cee CC she) YN FA If) 
6. (a) x, = -xg-xg (reduced form) 

x, = -r-s gives (x,,x,.X,) = (-r-s,r,s) 
Xe =r = -r,Y, 0)+(- S098) 

xo =e8 = (r(-1,1,0)+s(-1, 0,1) 
a vector plane 

(b) x, = 3x, + 2x, - 6 (reduced form) 
cesar ; | 

Xe = 3r + 2s - 6 r(1, aa a 2)+(0,0,-6) 
a plane 

(c) x, = 2x, - 5 (reduced form) 
ey dts) 
Xs =r gives (x,,X,,X3) = ATR MAG 

a plane 

(a) x, = «x,-x,-x, (reduced form) 

Xo at RiVesn(s. skeshasa = 
xX, = 8 r(-1,1, ere i, 6,1, 0)+t(-1, 0, 0,1) 
xX, = t 

a vector 3-space in R* 

t. = are 4 ah (reaucea form) #Letux, = retovoptain Seat 
vd be + i 
Xg =P gives (ae xasxs) Ss r(2,1,-%)+(4, 0, 2) 
Xg — -4r + + 

A line in R*®, You might want to talk about the geometric 
interpretations here, but that is the substance of the 
next section, 

8, No work 

9, Let A = ((x,,X—sx3): 2x,+3x,+*x%, = 0}. Since A is a 
vector plane, select any 2 non-collinear points on A, 
say ie -1,0,2) and (0,-1,3). Then 
A= r(-1, 0,2) Bs s(0,- 1, 3) tar .eer een 
Answers will vary depending on selected points. 

10, 3x,-2x,+x, = 4 represents a plane (not vector) so we 
need onl non=collinear points. 
if (0, 0,4) (0,-2,0), and (1,1,3) are used, one 
representation is 
(XaXgo%—) = (0,0,4) +7 (0, —-2,—4) obese (1, 1,=1)5 455) err 

11, As in 10, lead students to observe ept (4 eA tay 
are usually good choices: -intercept (-4,0,0); 
qeanpenes ie 0,8,0); ay a Penis (0,0,2 
1G enh Cael eae eke 

12, Here the choices are harder (one of the reasons that 
introducing parameters is, in general, the most 
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efficient method of going from non-parametric to 
arametric form). Both equations are satisfied by 
(hr 4s0) and(5,.0.2) 50 
Kee kes Xs = (ols 0) tir(@l,—1, 1) 

Note: we needed to know that the non-parametric 
system represents a line; however, one cannot always 
tell this by sight. Waka 

13. (a) 

14 (a) xyeeera, + sbyetic, ; 
X, = rag + sbs + cy 
Kai = Tages Os) TCs 

(b) Solving x, = ra, + sb, +c, for r, you get 

r = rl Cee 
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Assumption: Since (a,,83,4,) # (0,0,0), at least 
one of the a,'s is not 0. So let it be a,. 
The resulting system is 

eo Waa nak | 
a = ai (x,-sb,-¢,) + sb, +c, iH} 2 
a x. = 3° (x, -sb,-c,) + sb, + Cs 

which, when simplified, is: 
XX, = X 
Xs = 22x, + s(b, - Babi) cn aie yea eal 

1 1 
X3 = =2x, + s(b, = 2338) cp C3 = pp Bier 

1 

(c) Solve equation (2) a s noting appropriate valid 
assumption. Substitution will give 

X3 = ants be Dy xu ¢’ 
where a Dee and ec’ are each expressions in the 
a,'Ss bs ‘s, and c,'S. 

Section 7.6 2394-39 

1. 

2. 

No solutions _ 

From x + 3y = 22 = 1 x + 3y Oz = 1 
2X = yt Z = J => “Ty + 5z = -1 > 
x + lOy - 7z = 2 Ty - 5z2=1 

Xx +3y - Qz=1 oa) TX st ere 4 
-Ty +5z=-1 -Ty + 5z = -1 

we can go no further, and so, because x and y are both 
in terms of z, the solution set is 

-1 4 5 nl 
x = Wy ded + 7 y Wis + Wa Z Be 

In coordinate form: 
2. “15 nd 

(tei) cx r( 737791) 7 (75775 0) 

Interpretation: The system represents 3 planes that 
intersect in the line that is represented above. 

No solutions 

(m,n,t) = (6,-2,-1) Interpretation: 4 planes that 
intersect in 1 point--draw a pyramid with a square 
base as a model; the four planes containing the faces 
meet in the vertex of the pyramid. 

From 4 = {r,(3,2,1)}, x = 3r, y = @r, and z=r, 
Since z = r, substitute to get 

= 4Z and tae cey ACE 

L = MeN = 3z and y = 2z, z € R} 
mr corresponds to the Sober ies oi 
x - 2y + 4z = 6 xX - 
The solution is nave a = iG ¥ le 
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CO-020) 

7. Eliminating parameters gives the following system: 
xt+ty=5Sd X= Z= 3 ex+y = 7 3x4+Z = 7 

which has no solutions, The lines are skew. 

(a) T = PNaNR = (PNMQ)MR 
By Theorem 2, ke a subspace of R*, and by 
Theorem 2 es Teper must be a subspace of R® 

(b) x-4y+3z = 0 x-4y+3z = 0 Qx+5z = ‘| x = "2r 

Uxt2yt+z = O+ = 18y-1llz = O}= 18y-112=0)= y 

2x+10y-52=0 18y-llz = 0 faa 

That is, T= (r, (“SopyL)ir € R} which shows that 

i} tl 

Ml Hl 4 

T is a subspace of R°--it is a vector line. 

9. (a) A is represented by x = -2y - 3z - 4t. 
Letting y=r, z= ee and t = v, in parametric form 
A is x = -2r-3s-4v ne A Sy SPS A or 
A = {r(-2,1,0,0)+s(- ab Nar i 0)+v(-4,0,0,1), r,s,veR} 
which is in the form for a subspace of R*, Simi- 
larly for B, Point out that this is a generaliza- 
tion from students! experiences with generating 
vector lines and vector planes in R? and R 

(b) Because W is the intersection of 2 subspaces of R*, 

(c) W= {(x,y,2,t):xt2y+3ztit = 0 
and 

4x+3ytezt+t = 0 
Putting the system in reduced form gives: 
Xt2 yt3zt4t = eh Axle = othe - 
Nx+3 yt+2 z+t y+ 2z + 3t = 
Letting z=randt=s5s, 
x =rt2s y= <?r-38 z=rit_=s 
or W = {r(1,-2,1,0) + karen t) 2 8,r € R} 
Letting r = O and s = QO, (0,0,0) € W 

r= 0 and s = l, Bae iad) €w 
r= 1 and s= 0, (1,-2,1,0) €W 

and so on, 

*10, Proof by mathematical induction: 
a) W, is a subspace of V by hypothethis 
b Suppose W, MW, Nee AW is a eaeat® Gil Wa 

What about Wi fW,N..cfWFW 
W, Won... MW ay = 

(WNW N...fW,) OW, = AMW.,, where A is a sub- 

space of V ferent b.) But ANW n+] 18 also a sub- 

space of V because it is the intersection of 2 
subspaces (Theorem 2), hence 

n+1 
a Ws is a. subspace of V 

i=] 
Done} 
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#11. S and W are subspaces of V 
S@we= {stw: s €S, w € W} 
Prove that S @wW is a subspace of V. 
(a) (S@wW,+) is a ead hy grou 

Closure: Let (s itw,) and (s,+w oT be inS@wW. 
Then (3, +w,)+(s, twa) = = S,+w,+S,+w, 

re +s atW, +W, 
+8 tlw, +w, ) 

Because S is a subs = (3 Vv; (s, +s, €S 
and similarly (w +we yew. 

(s,+w, )+(s, +w,} i8 of the form 
s ‘tw’ for s '€S, w’€W and is thus an 
Teen igh) Ow. 

Identity: The zero vector 0 is in S@W because 
OR EeSaandmOnce| ak 

Inverses: Let (stw)€ SWW. (-st-w) is also in 
S@w Seema h AA) onthe © ip (They 
are both subspaces.) Since 
(stw)+(-st+-w) = 0, each element An 
S@W will have an inverse in S GW. 

Associativity and Commutativit These properties 
are inherited from Yea 

(b) Scalar properties (Only the closure under scalar 
multiplication 1 need be tested.) 
Let (stw) € S@W and r € F, the scalar field, 
Consider r+(stw): Be lbae = rs + rw (because V 
is a vector space over F) But rs € S and rw € W 
because each are subspaces Gat We 
. re(stw) = s‘tw’ (rs = s’€ S, rw = w’€ W) and 
so re(stw) €S@wW. 

12, AUB is not necessarily a subspace of V whenever A and 
B are, Consider: 
ee (R?,+) over R -- the vector space 
45) A, = (r(150) rer eR) 2B ea (sO) es ewern) == 

the subspaces which happen to be the coordinate 
axes B 

(0,1)! (2;1)°= (150) + (0,1) 

(747) AUB = [rn (2,0)5 80,1) se <e RB) 
Now the only elements in AUB are those with either 
first or second component 0. (0,1) € AUB and so is 
(1,0) € AUB. But (1,0) + (0,1) = (151) ¢ AUB; 1.e%, 
AUB is not closed with respect to + and so cannot be 
a subspace of (R?,+) over R. 

218 



Section 7.7 -400-401 

(a) OA = |A| =VT3; oB = |B] =V TF; AB = [a-Bl 

(b)a60° = guieneles is equilateral, Note that 
ol + -102 + -20-3 7 | 

cos (ZAOB = Taratpy = rier 
. LAOB = 60°; ZOAB = 60° 

Only D h 

Jal = 420s B (sh gp ger) [BI = 
If C is any non-zero vector, the vector rere will be 
a unit vector. 

No, V = (1,1,2).is not a unit vector. A unit vector in 
the aoe oes as V cis 

= THY = Fe(L1L2) = Ger ze Fe) 
Yes. A unit vector in opposite direction is F: aaa 0) 

6. (a) A, B, and C generate the x,,x,, and x,-axes, 
respectively. 

(b) AeB = 0, AeC = O, and BeC = 0, 
Interpretation: The lines generated by A, B, and C 
are mutually perpendicular (perpendicular in pairs) 

7. ReQ = (1)(1) + (3)(-1) + (-2)(-1) = 0 
8, cose = 

9. cosa = 1 (. w = 0°; vectors are collinear) 

10. cosa = -1 (.. a = 180°; vectors are collinear, on 
opposite sides of (0,0,0 

11. cosa = O (. a = 90°; lines generated by the two 
vectors are perpendicular) 

12, (a)csine’= (b) sing = 0 (c) sina = 0 

(d) sina = 1 

ie eter Aum: (1,),0), B= (151,12), C =. (150,21) 
and consider AABC. There are two ways to proceed: 
Method 1: AB = 1, AC = V2, BC = 1, and since 

AB?+BC? = AC? with AB = BC = 1, you're done. 
Method 2: AB = BC = 1, so AABC is at least isosceles, 

Now Erk = (TeFEOE (c-B) = (0,-1,0) with 
(A-B)+(C-B) = 0 (i.e., the lines generated 
by, (A-B) and (C-B) are perpendicular 
= C and we have a right triangle. 

Discuss both methods, In method 2, a diagram would be 
helpful. 

14, Let A= (a,,8,,83), B= (b,sDg,by) and C = (c,,c,,c3) 
= aPat 

Ao» 
= AeB = a, Db, +a, 23D, = Shas +b agtb,a, = BeA 
bd) Ae (BHC) =" (21,958) (bee, ,DgtC,, Da tC, 

= a te Pow) tA2( bo tore +as(b; +c, 
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a,b, +a,c, +a,b,tagc,ta,b,ta,C, 
petite by ars ati rs 
A<B poh 

(c) r(AeB) = r(a,b,+a,b,tagb, ) 
= ra, +b, +ra,*d,trag eb, = (rA)-B 

(d) r(AeB) = BG eect) 
= ra,b,+ra,b,+ra,b, 

a,erb,+ta,-rb,+agrb, = A-+(rB) 
Be sure that students recognize the two different 
interpretations for the raised dot (-) in the 
proofs of (a) - (d). It means either multiplica- 
tion of vectors or multiplication of real numbers, 

15. Consider the symbol (A*B)*C where in each instance 
(-) means multiplication of vectors (inner product). 
Since A*B is a scalar, (AeB)*C is not defined. Hence, 
no matter how you associate, A*BeC makes no sense. 

16, Let A = (-2,4,1), B= (1,5,1), and c=(2,-1,2). 
Compare A*(BtC) with A-*C + A*C, 
oa Ae(BtC) = (-2,4,1)*°(3,4,3) = -6+16+3 = 13 
ii) AeBHAec = (-2,4,1)¢(1,5,1)+(-2,4,1)+(2,-1,2) 

= 19+(-6) = 13 
A+(B+C) = AeB + AeC 

Section 7.8 406-410 

1, The force diagram is ? 
pate 

e 
d 

takes on the values 0°, 30°, 60° where @ 
For @ = 0°, work is (20)(20) = 4ooft-1bs 
For a = 30°, work is eee ng 708 % 346ft-lbs 
For aw = 60°, work is (20)(20Xcos60°) = 200ft-lbs. 

2. (a) In [0,2], work = 40 joules; in [2,6] work = 
160 joules; in [6,8] work = 0 joules; in [8,14] 
work = 60 joules. 

(b) 260 joules 

3. Work = (50)(37r)ft-lbs » 471ft-1lbs 

Me Padua 16, eT ea e B6a0 a eng FO ase eeoeoe ees 
7. ded 

8. (a) (3,-2.4) (b) reseed (c) {r(3,-2,4):r € R) 
Many different answ sible; the preceeding 
are the most likely. 

9. xty+z = -2 10, -3xt2ytH}z = 29 

af es fa} [ xeaxis :x=0 (b) | y-axis : y= 2 
Cc z-axis : z= 4 

12, Let A = et and B = (-2,3,1), then 
B-A = (-2,2,-2) is a vector normal to the plane 
whose equation we want, 
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Equation: -2x+2y-2z = 18-a/2 or equivalently, 
X= y tz Ja = 9 

13. Since (x,y,z)°(-3,4,5) = O, -3xt4y+5z = 0 
There are an infinite number of vectors that satisfy 
ee one is (3,1,1) and so (3,1,1) is normal to 
{r(-3,4 »5) So te R} 

14, Method 1 (Use Vectors) 
Let £ be the tangent line and 2’ the line through the 
aaear that is i eda to £ 

4’ = hee. (x,y)+(-3, }) = 0} 
mic X;sy): -3xtty = 

Note that the equation for ¢ must take the form 
-3xtly = d (Have students compare with the relationship 
between axt+byt+cz = O and Seca =d, d7 0). 
To find = pene S)Hi(4) =a 25 = so equation is 
-3xtHly = 
Method 2 a Slope) 
Here iS a good opportunity to review concept of slope 
and the use of slope to determine equations in R? 
Slope of line peas (0,0) and (-3,4) is -$3_ 
slope of fae 
Equation: 

a =? SEX theo 

15, 3xtly+22 = 29 16. ((x,y,z)!x = 1) 17. hg 
18, 26 

19. One way to verify their parallelism is to solve 
3x -4y + 1lez= 4 
3x _=- ty + 122 = 42 

The solution set is empty, so planes are parallel. 
The distance between (0,0,0) and 3x-4y+l2z = 4 is 13 
and LR = 2 is » so the distance between 

2 
planes is a5 = silks = 13° 

20. 4 

Review Exercises 411-41 

1.0 ad 2; 
ae 

Ue A Thr 08% oR 

R 
6) lo 8 

[DR] me Vig 
e (Use law oF cosines) 
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Ne eee nee een see ,  [al= 150, |gl= 150/35 so that air- 
ee Es : plane is gaining altitude at a 
a} ! rate of 150mi/hr while its ground 
' 90 ' speed is approximately 260mi/hr. 
: > 

De fe (3,-1,5) te} (Gin opyiai)| (2) <4 (a) =12 
e) 95 f) not possible 

6. (P,,+) over R is a vector space 

7. (a) {r(-3,2,1) : r € R) x+3z = O and y-2z = 0 
baer, S50 bie O,1,1)°r. SER]: Rigttio 
c a Seo). +r (4, SO): r € R}; -3xtty = 11 and xt+2z = 7 
ad) {(1,2,3)+r(-2,-4, ~6)48(3,-6, =L)trss ein san 

Bx+5y—6z 0) 

8. (153,454) ~9. No solutions: = 10, (tg. 4: 

2 -1 1 11. Solution set = {(x,,x,,.x3):x, = arte 

*» 72 ii 
Sy stg = 5 

Xs =F 

For r= db, Sage aLa? = (Holby al and 

for r = 6, (X,,Xg,Xs) = (-1,1,6) are solutions. 

12. The equation takes the form 4x-y+z = c, where c has 
to be determined. 

3(2) - (-1) +4=c ll=c 
Equation: 3x - y+ z= 11 

13... (a) za (4s 1,-3) = (Gaerne) or its opposite, 

ae TBo-ws) 
(bo) (4,1,-3), (=4,-1,3). In fact, any vector of the 

form r(4,1,-3), r € R. 

(2) {(1,1,1)+r(4,1,-3) ree. Ry 
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14, Given line: {r(3,-4,1) : r € R}. Note that this line 
is normal to 3x-4y+z = O and hence is perpendicular to 
every vector line in that plane. Since (1,0,-3) satis- 
fies 3x-Tyt+z = 0, {s(1,0,-3) : s € R} is perpendicular 
to (r(35-", 1) : r € R}, and hence 

{(4,-3,3)+s(1,0,-3) : s € R) 
is a line through (323) that is perpendicular to 
{r(3,-4,1) : r € R}. Note that the lines may be skew. 

15. Work = fed = |F]-|@fcos20° w (10)(18)(.9397) ~ 169 

MAINTAINING SKILLS AND UNDERSTANDING - II 

Exponential and Logarithmic Functions (pp.415-418) 

Le Bf = 5505 = 520505 = 52050505 = 5250505 

mera) wi Sede ti >) 0; exc—extl $)03 x? > x+(x-1) or x25 =x 

(b) By definition x” = xn lax; xin lx > zinta 

(Since x > 1) . x7 > ee 
2 ovat i 2 , Dealt 0 << igthem—e> a; eel) SO See a lo op 

ik 1 ak ak db 
STi us Ge) or Xa Paes Xe ce 88 

(bo) O< x <1 x is positive. x <1. x 
erux? <jxc" 

By. Ses Oss See textbook® “744” ' S.9n®" ~9. (a=b)? 

10, (-2)? =5g 11. (aeb)*-b? 2, a8 13, WoPTY 
1b Waal Le a: i Siey Oe ipemek: ite pa we oy 19, 212 

20, (-2)25 21), "aC l= 1; a7) = S3 aD = Ee rule in text. 
a 

2,2 

22.5 23.yp 24. po 25. rs 26. 27,202 

28, we 29, 4.65 x 1011 30. 7.3 x 10-7 

a a 
ox < Kou Tel 

Big LeO501T05(9 x 10° — 32, 4572 «x 107147 33.2.0, 000, 000 

34. 0,00000000321 35. .000(26 zeros)000162 36. 50 

Si eubee L102 6638. 7 «1014 " (395° 25, 000(1 702) 196 31,700.00 

ae 
4o, x2 = GP = (Fx)? 

41, x > 0; if n is odd y =x, if n is even y = Wx orNx 

Wo, YBO = dates ° = 46 45 = PNG 43, VT=5JE = V5% = 592105 

He oe NG Sie He Woe Se BOOS 

4g wie SExy? 
ie 

50. me 51. See text 52. 243 53. 32 
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54.9 55. ale 56. £57. WEA or RUGS 58. 128g2x° 
=i oles. s! 

60. Figure 4.1, Mapping is one-to-one |R- R 

61. Consider sequence 1, 1.4, 1.41, 1 Elkiey te ABE 
Limit 2% as x «2 4s 

consider (2%) as 2t, ote+, ptetl ple414 8 we 

vi ot 2 2 a - ee mae aN Ras até 

* 

67. (a) A= ius = 1061.80 (b) A = 1000(1.015)* = 1061.36 

68, A = 100-e2°(--038) _ 68 3861 
69. | See Ex. 60 (b) Mapping is ee one 

c) Inverse is reflection about y = 
(x,y) ~ (y,x) yields inverse x = pate y = log,x 

x log,N _ y 70. aom™ N= logeN = 4, hence a 

(*)63. 
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SRR 

72. Make a table 

x 2 C= 067 

alee aoa 
X = 2,25+.067 = 2.317 ic a= 5000 anh 2.317 

G2 ievlee noeegs 657.) oe 
73.6 108 =X, X = 3,162 7. 5% =x, x = 11,18 

75. x2 =16,x=4 76, 7 = 77°; x= -2 



80. 2 9812 0 82. =1 or 9=10 4 95. -580m 7-10 

84, 1.86332; 2.97635; 0.61805; 9.80754-10; 7.26482-10 

85. 3.9956 86. 1.3319 87. log x=(1log8.41+10g69.7)-#1log4 .58 

88, 65,335 89. 544.3 90. 1.465 91. 19.04 

Oo Loge= (og a)-(log b); jet = (log a)+(log b) 

93. x log 34.56 = log 2.45 x= — % 6252 

94, See slide rule manual 

Circular Functions: Periodic Models 420-42 

Ww 
Ihe, Vie SS GBR V7 SS saty8 Ge cS EMO i oh ari) Qe fe ee Tee 

Benraeiott uae 1200935" Ae Sc 1200m Fe = Soortt. 
ihr. eexft. 3. x Pel 5280LE* x 3b00sec. Ihsec. To change a number of 

are per hour to a number of feet per second multiply 
22 

ae 2eft 20a d . oe -e aa . gist 
4. r= Pw AS is 5ee T5sec. » oO Cae ae ere 3s 11.2RPS 

rad, * - rad 
5. Larger, w= a Smaller, w aan (topes 

Wire a Ab ere 
6. Genes ae “wo @ 

7. w= TERPS = 72, omead; v= Oxlytncts = B64n Le 
sec ne Sec. 

= Ye “Ue ee = ME pray 

Degrees Radians Rev. 

8. 160 rot ie) 

9. 114.59 2 4 

AK eye 2700 151 1% 

ihe 30 E z 

ied 1152 “= 3B 

640 lor 1280 aa 33 

14, 236.16 4.12 2208 

15. 22.5 3 < 
2OOlKe Le 

Loe a % 153 coils 

17. (a) 210°, 330° or frad, rad (b) 3.6646, 5.7596 
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18, Period 27 

22, Period =r 

ae 2 

23. See Text 24. Use sin(x-y) = sin(x+(-y)). 

25. cos4x = cos(2x+2x); cos4x = 8cos*x-8cos?x+l 

eyed 



eis 

27. 

28. Amplitude 6; tes 53} frequency 60 
2 To 

lo Doe. 29, sin225° = Y= = weve % ,382 

30. se(cos45°+i sint5°) 31, 16(cos300°+4 sin300°) 

32. (a2+b?)[cos(tan™? B) + i sin(tan7? B)) 

33. W2+ 621i 34, 2.588 + 9.6591 35. acosé+tiasine 

Be 7 6a 16.004. 37. 1 eet ere seo eee 
roots are: 3(cos72°+i sin72°),3(cos192°+4 sin192°), 

3(cos312°+i sin312°) 

38, €0s30°+i sin30°); (cos150°+i sin150°); 
(cos270°+i sin270°) 

39. See textbook 40, Replace tan x by ill ee 
COs x 

a Feet Replied! Nia us uF bk i Re 2 2 lobe Geer eke slimmer Pe Vee poy oe rvory roe rom Lo see es 

42, Replace cot x by — 43, 30°, 150°,210°, 330° 

yy, 45° 5, 
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k sin880rt 

20; k = 53 period = 24; frequency = oa 

204+5sings 

4 
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Conditional Probabilit 425-426 

1, The outcome space is that of throwing two dice. Let x 
be any integer 1 < x < 6. Then x occurs 11 ways as one 
element of the pair, T time as a sheila yl fails 
to occur 24 ways. P(neither die shows x ; 

P(one die shows x) = its ae dice show x) = a 

[$e(-2) + 3¢(2) + 3¢(2) =- a dollars is the expecta- 

tion.] 

Elm BELO) wey Ges) Batt 5. 56 6.126 

7. Use 1! = 1 and n!} = ne(n-1)! 8. Use Cartesian Product 

9. See textbook 10. Use Cee = (n).. 

nl (e) = erst Let r be n-r; 

n-r’ ~~ (n=-r)!(n-(n=-r))  (er)trt ~ 

Uae 

(The points) 14. (The diagonal loops) 
FS) 
E 
C 
(0) 
N 
D 

D 
i 
E 

Ole 



ce Se 

YES. 7 

IA SIN IN RS K ua 
17. START 

5 ee 

S YN WAN NS 

START 

25 D 

G D 

24 5 25 mn 

a 3 D 

START 

20. A = (A\B)U(ANB); A\B and ANB are dis 
P(A) = P(A\B) + P(ANMB) or P(A\B) = aay - * P(ANB) 

21. AUB = (A\B)UB; A\B and B are disjoint; 
P(AUB) = P(A\B) + P(B); now substitute from Ex. 20 

eo. Ae is set of all subs 
{f, {a}, (bd), {c}, ia rae eee HOO AE et 

Bes (etal erate) atest (earn 
Use (at) eet a=1, b= i to prove this. , 

. (pta)® = (B)p® ells at(3)pig?+(®)p>q?+(B) pea +(2)pq° 
oo (2)q° with nia 6 
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25, E,CE, 2 n(E,) < n(E,). nf) < Bigs P(E,) < P(E,) 

26. P(AUBUC) = P(A) + P(B) + P(C) - P(ANB) - P(BNC) 
+ ae enoe 

ANB = ANC = BNC = % = ANBNC = 
Thus P(AUBUC) = P(A) + P(B) + ne 

io Genes ee 

ee See Textbook (ey 

A, = Event Jar A is selected 
he = Event Jar B is selected 
oi 
W 

Event Ball is Blue 
Event Ball is White 

2 _ White 

ial 
ee _ Blue 

START 

ee Pgh White 
Ne tN 

(ys aati Blue 

ll 
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(6) P(B) = P(E, )+*P(B|E, )+P(E,)°P(BIE,) 

= i} + 1,6 or 2 
ee BAe) 9 

30. (See Ex. 9) P(E,|W) = opp tts 

3 ot * meaty ri or 

a zs a8 18 
31. See Figure of Exercise 18, 25 

F, = Event first tube is good P(F,) = 
F, = Event second tube is good 
B = Event Deere tube is bad 

P(FAIFi) = 35 2. P(PANP,) = PBy 

P(BIF,) = 3 » P(F,MB) = as = ee 

Be. vee Figure of Exercise 2 
P(B) = P(A, )*P(BIA, P(A, )-P(BIA, )+P(A, )-P(BJA;) 

i} 

336 S20 G 
M, 

: oe 
oe .97 G 

SHO. yo hale eee cee 
See 

ei G 
a 

eel) 

05 D 

D = event item is defective 
M; = event item is from machine i 

P(D) = P(M,)+P(D|M, )+P(M,)-P(D|M,)+P(Mg ) «P(D| Ms ) 

=(.2)(,02)4i.5) (.05)4(.5) (505) P=" 2058 

Go \O 
34. 

Jy 

S, = Event Sr is selected first 
J, = Event Jr is selected first 
J, = Event Jr is selected second 
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Pl) EOS) ea San + P(J,)*P(J,[J,) 
ig qe Ee a4 = & 

oo peer 

oe N 
START pee 

02 
R 

0.9 fee 
ae) N 

Event has the disease D = Event does not have 
Event X-ray shows + disease 
Event X-ray shows negative 

(R) = P(D)-P(R|D)+P(D)-P(R|D) P(D]R) = 
el ie Ote ale = elo 

Event student knows, C = Event response is correct 
Event student guesses, 
Event response is incorrect 

(c) = P(K)-P(c|K) + P(G)*P(c|G) 
= e e <=} 38 

ACE aie (Dea yea 
50 

37. See textbook 38. See textbook 

39. (a) P(S) =, P(c) = 3, P(snc) = 328 
P(S)*P(c) # P(SNC); not independent 

10 
= P(cns 00 1 (b) P(cIS) = er ee. =F 

300 

st PcP(Cis 6300 seo 
iO) GEG) 8 eer sia 00 

300 
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40, 

eds sya pee 
41, P(A) = tT P(B) = TS oe aco 

P(ANC) = eee P(BNC) = B53 A and B, and A and C are 

independent; B and C are not independent. 

4O, tlhe etiam at 
Z 

IH Q 
= 

Find PC. iTS) = mers OV 

33 + 5°3 a x1 

Vector Spaces (pp.427-431) 

ery a, 
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(8,12) he 

6) (6,1 We 

16 

(-6,12) 5. 
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Te (256) 8, (0,0) 

peso 

10. (-3,-9) 

We (-1, 5s 7?) 

13. (-1,5,7)+(3,-1,2)=(2,4,9) 
a (152, 5) +(1,2,0) saa! (2,4,9) 

15, (2,4,6) 

16. (1, “Z,- 2) 

Life (3,-1,2)-(4,6, 8)=(7,-7,-6) 

18; cos30°=£2, x ws 28,87 
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19, sin20° = sh, x w 102.6 20. (x,y)—x+3,yt33 (3,3) 
el (x,y)~x-4, y+4; (-4,4) 

22, (x,y)-x-2,y+10; (-2,10) 

2A6 Sie aire era 2 

° —_— 
2h, OPp+dqg = (x,+xg,y,+y,)3 r(OP+0Q) = (rx,+rx,,ry,t+ry,); 

cay at 
ron = (rx, pry.) $erog = (ree. Ty,) 
——> ae 
rOp+r0g = (rx,+rx,,ry,+ry,) 

25, 26. 27. Follow same procedure as in Exercise 24, 

28, Let ax*+bx+c; dx*+ex+f be any two polynomials with 
real coefficients. .. their sum is of the same form, 
The identity element is the O polynomial. 

29. Use (a,b,c) and (d,e,f) to represent the two poly- 
nomials and proceed as in Exercises 24-27, 

30. See Textbook, 

31. See Textbook, (b) V+r has no meaning; (r+s)+V has no 
meaning. 

32. No, it is a real number, 

33. a,s € R, sin® = A, sin > = B, then 
1) B ecayerane) = rsiné+trsind 
ii) (rt+ts)sine = r sin 6 +s sin 6 
iii) (res)sine = re(s sine) 
iv) JhopisgeG) <a Kiet) & S,+) is a vector space, 

34. (a) 

(b) ty (2,3) (20 iy Sty lee (hi Xe). ky eke e en te 

X1 = 2 or BX, = 2Xg 
Xg 5 

Bar T,+T, = T35 oT tT) = O; Ty tT, Ean Tats 

T,+(T4+Ts) = (T,+T,)+T3; Abelian Group. 

(See Figure of Exercise 34) 
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36. Q is a line in 3-space determined by origin (0,0,0) 
and (1,3,2) [r= 1]. 

Bre ves (6,2,-4) 38. Yes (14,21) © 39. No 

4O, Yes (16,-10,-2) 41. Yes (32,-18,-10) 

40, Lines are parallel 

(e) 
(3,4) 

($3) 

Be ABiaw (xpye. ean (l AL) + 9(2,5) 30 mnt 1) 

Abra ol (or, co )eer (i,t ee (24) 5 COs ra) 

BA = b(t) = r(4,1) Ly (2,3); de Di r} 

Mid Point AB = eS 3) = (4,35) or 
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{x,,x,) =((4,1) + (2,3)spr =5 

46, BeA = (43,41) 4 ={(x,,x_) = t(3,1) + (235)! 

NT. X, = Stt2 xg = 443 

48, BeA = (-4,3,-3)3 L= {(x1sX%gsXs )=t, (-4,3,-3)+(4,-1,-2)]) 

£= ((x,XgsX3)=t,(-4,3,-3)+(0,2,-5)} 
t, =n 7 t, = n=l 

OS Point 1(1,2.5) we noteonet = ((x,.%,5%5) = Cl2s235)) 

50, See Textbook, {r(2,-3,1)} 

Syl V3 

tl 

r= {k,<3) + 9(3,1,4)) or {(x,sx9sx5) = (2r4358,-5rts, 

rtis} x, = Or+3s; x, = -3rts; Xs = rv4ts. 

52. (BA) = (1,-2,1); C is not on KB; C-A) = (3,-1,-1) 
Then 7 = {r(1,-2,1) + s(3,-1,1) + (0,2,1)}. Not a 
vector or plane, 
Note: (0,2,1) may be replaced by (1,0,2) or (3,1,0). 

55. (8), = Srtl3 x, = re55 en) = eer Gi) 
b (Yea XoXo = set 1,-5) ap (", ’ 

{ XysXg0X3) = pie ye) Ses ly) ae (1,-3,2)} 

54.7 = ((Riokeeks) = r(-2,1,2) + ¢(0;2;3) > (35355) 

55. wv = ((xX,s%5e%—) = 1(1, 43-3) + 3(-2,0,1)) 

56. 7 = {(x,,x,5%,) = 13,251) 4 5(1,5,=4)) 

57. x, = -4r+l, x, = r+1; eliminate r; x,+4x,-5 = 0 

58. x, = -St3ttls xg = Qstt; Xs = 8-23 x,-3x,+7x,t15 = O 

59. X,-x,-1 = 0 

GO. (x4 sees %e) Hana tee ee GL, Od) s 
X, = 3rtS, X, = YT, Xy = 2reS; X,-5X,tK, = O 

61. See Textbook, Section 7.5 

62. See Textbook 

e 
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63. 

64, 

65. 

66. 

67. 

68, 

69. 

70. 

1. 

(ce 

736 

Th. 

eye ere5s Xe rs Xe, = tl 

X, = 13 X, = 85 Xg = 5-7-8 

Xe So Srt5s Xo = TS Xe = Ort+l 

Assume a, 8, y are distinct planes 

(b) 

f2} 3 parallel planes 
b) 2 parallel lines of inter- 

section 
(c) 3 parallel lines of inter- 

section 
d) 1 line of intersection 
e) 1 point of intersection 

X, = 253 X, = 23 X3 = 2. Intersect in a point. 

5X1-2X,~3X3 = 03 6x, +x,+3x3 = O 
{(0,0, 0), Xy = k, Xg = ALAN. Xg = Ox} 

Intersection is a vector line, 

First 3 equations yield x = 7, y = 0, z = -3,. Does 
not satisfy the fourth equation. Fourth plane inter- 
sects at other points .. No solution. 

R°,R?,R? and the origin R°. (Three space, planes, 
lines, points) 

(a) (=n iD )eaddee Mc )escen i dje—14 

B-A = (-4,6,2); C-B = (8,6,-2); (B-A)*(C-B) = 0 
“ BC 
D-C = (4,-6,-2); D-A = (8,6,-2); CDI|AB, AD||cB, CD|DA 
AB = V(-4)2462402 = /56; BC = V5724+624+(-2)? = J/108 
K = V56-~/104 = 8/91 = 76.312 
From Ex, 18 7 = 595 = 28.9 lb. W = fea = 28,9x50rt. 1b. 

=~ 1445 ft.1b. 
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EPILOGUE 

Section E.1 435-436 

1. Refer to Exercise 2(a) 

Pin (HL) 

1 ORR toy 
7. 0 5 Be ted) 0.3679 
7 05 625 6042 0.6065 

) ap a Ae 1 1 
5 | 1.5 1.625 1.6458 1.6487 
1 st 2 2.5 2.6667 BeLos 
2 i i] 5 O42050 7.3891 

(c) The table suggests that as n gets large, P(x) 
approximates e* quite well. If your students have 
access to a computer terminal, they can investigate 
|P_(x)-e*]| for various values of x and increasing n. 
GeBmetrically, for,n "large," the graph of P. "hugs" 
the graph of f:x~e’. An optional activity is to 
have students graph f:x ~ e%, Pos Pus Pesala 
on the same set of axes, 

x? bass 
3. Let Ps(x) =1+x se + S73 Ps (3.14) = 14,230 

From the table, 22.198 < e°*!* < 24.533 so P(x) is 
NOT a good approximation to eX for x = 3.14 (More terms 
are required--have students compare graph of y = e* with 
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that of Py from Exercise 2.) 

4, ta} 

(a) 

(b) 

(c) 

See (b) Y 

x 
6. For a -- f use sin h(x) =< = and cos h(x) 

e X+e7 \"* Bee tee cos h(-x) = mee pee eee h(x) 

This compares with cos(-x) = cos(x) 

sin h(-x) = Peer g9) 8 mete eraeue 
. 2 2 

= — sin h(x) 
This compares with sin(-x),= -ginx vi 

cos h(x) - sin h?(x) = ([32—)*-(£=§—)* 

(4) 

(c) 

&: e2X L605 4 anes ets . Ory = ax a 

iE a | TR eS USSSA | re aaa 
2 

This compares with cos*x - sin x = cos 2x or 
cos?x + sin?x = 1 

2X p-2X 

sin h(2x) = ——5 

= 2sin h(x)-ecos es 
This compares with sin ex = 2sin x2cosex 

2x -2 
cos h?(x) = <= +2+€e 

2 afer — aye Aer sy 

PRE -2X 
sin h?(x) = <= oe 

2X -2X 

cos h?(x) + sin h?(x) = As oat 
e?X+e~ 2x = ——3— = cos h(2x) 
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(f) sin h(x)cos h(y) + sin h(y)cos h(x) = 

Sapir e) bon. el= abn Te ten (CaS a er ee) 
RG eat oN RCSA Aa SN Be tY celery) 

— + a a aed 
en ee page © ag ge aes 2 

= sin h(xty) 
This compares with sin(x+ty) = sinxcosy + cosxsiny 

Section E.2 (pp.441-443) eG re 

wow Pe i 2 We ayer ab me Bg © 

2. Rectangular Polar Trigonometric Exponential 

1l-i 

z) i> A+ ope 

24 2(cosz + i sins) 

eit 

“5 oe cose +i singt e 3 

dit 
us ul 4d 4 (cosa +i sing") He 

3it 

-l+i J2e 

=e eltin 

Cir 

-V3 + 21 he 

=51 5e 

1 (cosor + i sin2r eon 

6, The terminal sides of the angles of measure 7 and 37 
are the same (the negatively directed x-axis), hence 

the vectors represented by e” and eit have the same 

direction. Since fer" = [e277 = I, 
eit ms eit ave] 

7. As in Exercise 6, 3 and FE + 217) have the same 

terminal side so the vectors 

or. LG 

3 and e 3 have the same direction; the magnitudes 

uy 

e 



it elem 

are l, so PES = e 3 
In rectangular form, 

ir 

eF = cost +i sinE=3+4 53 

8. r, = r, and 6 = 6, + 2n7, n € Integers 

9. (a) a2 (cosy +i gen): ave (cosse + i sin FE) 

(bo) Vee" 3; Wee 

"10, (2) HES (b) .954.331  (c) 7.394 
2 3 (d) e = o? +03 = e?(cos$ + i sing) 

x e7(.88 + .481) = 7.39(.88 + .481) 

Be Sele) nee sarl 

i6 16:7 (Obes 10° OAse ae O° layaer 
ce ye pe een care be le ype are ee OOP 

128 e1 = cos x= Asinux 

13. From elx = cos x + i sin x and e* = cos x - i sin x 

add and subtract to derive results. 

Section E.3 Bee 

hes soe =e A (e )? ec it = 1] 

it it eu 

2, 1+i = An ; (Be )® = 8 = 

iH 

e = -8i 

ir itr aE 

3. V3 + 21 = hee ; (4e° 9? = 1024e = -51aN/2 + 512i 

gir 5it 5ir 

PR At) oe (oe Ojo = Bene ears: 
5. To solve z°® 27, let z= re and then 

OAR ent T air? a 27 and 30 = 27 + 2nT; 1.e., r°e = 27 

r= 3 and @ = + + Sor i on{ntl) 

The 3 roots are: 
Qin 

Nag 

se = age 
6ir 

ote = 
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6. The roots are: 

in ir 9ir 
ag eee ae bie Oe eT 

= e e = 

wi Tri 

Te VBee = VTE _ erie JBe © = fo 
in Aa 6ir 

oe ame = abet e 2 = oer NE ee -—=4 1 

2ir Migr 6ir Sit 

9. e =a; eae 1, teil tg eats Sees 

10, l= enim, so if z= re is a solution of 2” = als 
rani? é yecit n 

» Yr = ivand ne = 2r +) 2k, kK € Int, 

So r= 1 and @= = + Bex, ose NG 

The n, nth roots are found by letting k = 0,1,2,...; 
n=l, For k = O, we find that one root is 

eri 

ie = @ z e The other roots are: 
Mori 6rri 

n 2 ie. n Eee iehy Ue = thy = ra Hor k\=) 25) .e = Yr, 

HO ke yal, eer = y= ala 

Hence the n nth roots are of th orm 

I ean ae Ne ee where r=e - 

(b) Let S = {l,r,r?} where r = aon 4 
S,*°) is a commutative group: 
i) Multiplication of complex numbers is associative, 

so multiplication on S is associative, 
ii) The identity is 1 
iii) Each element has an inverse (See Table) 
iv) The operation is commutative as can be seen 

by the symmetry in the table across the main 
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diagonal (upper left to lower right). 

Ori Nori. Oris Ai 

(c) l+e eer 5 ae 0; lee 3 as 

12. In parts (a) and (b) we use DeMoivre's Theorem in its 
trigonometric form and 
Si - D1l = © od) TkF a= cand b =.d 
(i.e., equate real and imaginary parts). 

13. cos 3x +1 sin 3x = (cos x + i sin x)® 

= cos°x + 31 cos*x sin x - 3cos8 Sin?x - i sin°x 

(cos®x = 3cos x sin?x) + i(3cos?x sin x - sin®x) 

Hence cos 3x = cos*x = 3cos x sin?x 

sin 3x = 3cos*x sin x - sin?x 

14. By equating real and imaginary parts, 

2 4 6 

cosx=1l-Sr +r -Zrt ee. 

ee ae x6 x7 
Bee Te ee cea eee 

15. Verification 

which agree with the tabled values of .8776 and .4794 
16, From the series cos(.5) = .8776 and ees: = ,4794 

if 
(CRC Standard Mathematical Tables, 1959) 

20 

eee 

15.8 

0 

a (-)19.7 

1 
iste 
1 

18, (a) e+e = (cosx+ isinx)+(cosy+isiny) 

= (cos(x+y)+isin(x+y) By DeMoivre's 
Theorem 

Z ot (xty) 

(b)(e7*)¥ = (cosx+isinx)* 
= cosxy + isinxy By DeMoivre's Theorem 

vary = @ 

(c) Sake _ cosx+isinx (cosx+isin cos(-y)+isin(- 
= ey ~ cosytisiny  (cosy+isiny) (cos (-y)+isin(-y 

_ cos(x-y)+isin(x- = cos(x-y)+isin(x-y) 
cosO+isin 

my pel eed) 
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Review Exercises (pp.449-450) 

1. From series econ 6458, e! = 2,6667, e* = 6.3333. 
The table values are 1.6487, 2 7183 and 7. 3891. The 
differences occur because the first 4 terms alone do 
not define a "close" polynomial approximation to e* -- 
the more terms, the closer the approximation, 

Answers to Exercises 2-10 are given in the following table: 

3 (cosq=tisinge) 

5. -2i1 2(cosr+isinr) eee: 

5itr 

6. ~6 , Wwe V2 (cossbtis! ina) V2e 

itr 

ie i eet 

al 

#6, 7075 +" 4791 cosy + i sins e- 

a 
; u Pil ay #9. 14(.878+.4791) (145) 14 (coss +i sins) l4e 

#10. Same as Exercise 8, 

(un 

(Teese a a ee 

2B oF 16/5. 16 ye ey ee -1 16i Bape gP ie ae  e ag 
13. The roots are 1, r, r?, r°*, r* where r = Mere 

14, lato ge rer? be a solution of z® = -64, Then 

r8e810 = 64e™ ana so r® = 64 and 68 = w+2kr, k€Int. 

That is, r = 2 and 6 == +4 kk € Integers 

The 6 6th roots are found by letting k = 0,1,...,5 

The roots are: 
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wi wi 51ri 

(peewee (2) ec8) api (3) 26.0 mya S41 
Tri Bri Llri 

(Hi) eg ree SE tm (5) coe) a nor (6) roan” arsed 
ari Ah 

15. The roots are 2e 3 » 2e 3 » and aeet = 2. 
(a) Product of roots: 

orl) Ari Ori 

Det Leber nee = Bees Bert = 8 

(b) Sum of roots: 
ori Nori 

Sy | ESN gyal ee eS RE: 
eTi Ti 

See oe webu el tet sooe) = 5. 

16, (1+1)® = (2)18+(8) 18 -s4(F)14 24 (S)19+4°4(8 19-44) 

+(Q)2 nay > EER Rea = -8i 

(1+1)° = Wet ye = Be Proc = ot 

APPENDIX 464 

pea ta Dt218°b*+558%b +558" b*+21a*b’+yabe+b” 

2. 16x*+96x* y+216x?y2+216xy*+81ly* 
-1, n-2 Ke n-3 an 

3, po+ aba fe Bfetuke + piped dn=2 | k ee 

n-6,6 n 

ote, 
4. cos*x+¥icos*xsinx-6cos*?xsin?x-4icosxsin*®x+sin* x 

(this is equal to cos4x+i sin4x) 

Be 1- rs ta (5) (=)? = Cie a: SFO or 

L = x + Sy(1-F)x? = F, (1-5) (1-E)x° + p (1-Z) (1-E) (1-2) xe-, 

6. (atb)” = (apt Bae M+ (Byam Mne+...+()b™ 

aie GE Aby |e) ce Aly whoveyo) fede) = 2 EyeVl 

ee ye ae) 
7. See Exercise 6, 7 , ; 

(142)" = 1 + x + (1-5) Bp + (1-5) (1-5) 2 

4 +(1-5) (1-8) (1-2)Fy+ ... 
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If n is very large, *, <, < are close to zero, and 

. 
ss 1-£, 1-8, are cldése to 1. Hence for n ~ © and 

x = 1, the terms are close to l, Ly Fis Fyseee 

8. (3)+(5) = te + te = rH + HE - TE 

= Hse = EES = 
9. (2) + (.0)) = Bee oertl) y 

r+1)en(n-1)...(n=-rtl +n n-1)(n-2)...(n- 
r+1)! r+1)$ 

_ n(n-1)(n-2)...(n-rt+l r+1)+(n-r 
rs rt+1)! 
— n(n-l)(n-2)...(n=-rt+l) (nt+1 
is r+1)! 

n+1 
a (41) 

10. Think of it as a tree diagram. 

250 



SUGGESTED TEACHER'S TESTS WITH ANSWERS 

Prologue 

In 1-6 find any and all grammatical errors, 

b. ESTayie 32Y.-2 7X 

2. FOR N= 2 TO -5 STEP -1 

Se. LET X = ((X4+27%) = 33 

4, IF M=N, THEN GO TO 45 

* 

6 

ll 

- READ IN X, Y, Z 

- PRINT THE SUM IS X 

In 7 and 8 use hand simulation to determine the output of 
the given programs, 

7. 05 READ N 
15 FOR J = 
25 LET S = 
35 PRINT S; 
45 NEXT J 
55 DATA 5 
65 END 

8, 10 READ N 
20 LET D = 2 
30 IF N/D = INT(N/D) THEN 60 
40 LETD=D+1 
50 GZ TS 30 
60 PRINT D 
7O DATA 77 
80 END 

9. Write a BASIC program that will calculate 
1° + 2% + 3% +... + n® for given value of n 

10. Write a BASIC program that will calculate the sum 
and product of any two given numbers in clock arith- 
metic modulo ll. 

Solutions to Sample Chapter Test 

SN he) es Seed @ a Be Be 

3. Unmatched parentheses and 3% not acceptable 

4, No comma and no GY TY in an IF THEN 5. No IN 

. To print the words need quotes around "THE SUM IS" 

oe eee ae 

. 7 (finds smallest factor of N, except 1) 

Dery aN 
((J-1)*S + J) 

COUN ON 
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9. Many possibilities: 

10. Though BASIC has a MOD function, one can write a 
fairly simple program to do things in mod 11 without 
re 
ILO. JMOL Ph 18 

15 LET C =A + B 
2OnIh eC <1 eTHENe SO 
30 LET C =" =—al1 
40 GO TS 20 
BOsPRINGE Ase. ea Ose 
60 LET D = A*B 

{OC LEDs) eS THEN 100 
80 LET D = D = ll 

90 G@ TS 70 
LOOSPRINTTAs i) 30) Boao 501) 
110 END 

ede 



Chapter 1 

In Questions 1 through 5, write the first five terms of 
sequence defined. 

n — 1, a, = (-2) 2. a, = n(nt1) 

n 

4, The geometric sequence in which a, = 8, r = -% 

5. The arithmetic sequence in which a, = 8, d= - #% 

In Questions 6 through 11, tell whether or not the given 
sequence converges, If it does, then tell what the limit 
Sie 

Sy a he ao== n We n n= 

8. The geometric sequence in which a, = -l, r= 

I me 9. The geometric sequence in which a, = -l, r= 

10, The arithmetic sequence in which a, = -l, d = # 

Thre epi ae) 

n n 

12. Find the sum of the first 100 terms of the arithmetic 
sequence in which a, = 4+ and d= 5. 

13. Write the numerical expression (you need not simplify) 
for the twentieth term of the geometric sequence in 
which a, = 4 and r = 2, 

14, Write the first five terms of the series associated 

with the geometric sequence 4, 2, ... 

15. What is the sum of the infinite series in Question 14? 

16. Write the nth term of the series associated with the 

geometric Sequence 3, 6, 12, ... 

17. Find two numbers whose sum is 15, given that the 
arithmetic mean of the numbers exceeds their geometric 
mean by #. 

18, Prove by mathematical induction: 

For every n € Fel. CAPE Fes yo Oe = 

Solutions to Sample Chapter Test 

Tae “2, 4, -8, 169 -32 2 6, Pip. oF WA, 20; 50) 

eta petge ie, 40,8570 Ee B= 455 25 ole ee 

Bee Gsulhs [s Obs) 0 6. No 7. Yes; 0 
8, No 9, Yess.0 10. No el eevee: a 

12, 50(4 + 499) = 25,150 13. ay, = 4(277) 
iO Uy Yon Vee ne Ne, Gh AWS, ei oo ae ee 

2D 
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oe 
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Chapter 2 

No Chapter test is suggested on Modelling. This chapter 
cn-tor the DUTPOBEe Of mMOtIVALLONe: «ccs ss 

Chapter 3 

In Questions 1 through 4 solve the quadratic equations 
in the field (C,+,-) 

. Xtom Axe + 20 = 40 2, ox? +/2x ~ 2= 0 

Be by? 43x NS 0 “ex +2 te 
5. Write a quadratic equation (in which the coefficient 

of x? is 1) whose two solutions are 3 + i and 3 - i. 

In Questions 6 through 14 simplify each expression by 
writing it in the form a + bi where a and b are real 
numbers, 

6. (V2 + 31) + (4 - 71) 7. (4 - i) - (-6 + 81) 
8. (8 - 21)(3 + i) 9. (6 = 31)(5 - 41) 

10. (V2 + #1) W2 - #1) 11, (a + bi)(a - bi) 

£5, Solve for z? (3i)z = 6 + 24. 

16. Solve for z: (21)z + 514 = 4 - 3z 

17. Find all possible values of z = a + bi if the product 
of z and its conjugate is 13, anda+b=-l. 

18, On coordinate paper show the unit square with vertices 
at (0,0), (1,0), (1,1), and (0,1). Then show the image 
of this square under this spiral similarity: 

z~ (3 + 41)z 

19. Answer the following TRUE or FALSE, Remember that 
TRUE is taken to mean true without exception. 

(1) If f is a continuous function and f(a) > O and 
f(b) > 0, then the equation f(x) = O has no 
solutions in the interval a < x < b. 

(2) The real number system is isomorphic to the complex 
number system, 

(3) (z)(z) > 0, where "z" denotes the conjugate of z. 

(4) In a complex plane z and Z are symmetric with 
respect to the x-axis, 

(5) If the discriminant of a quadratic equation (with 
real coefficients) is zero, then the equation has 
two real roots. 
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20. Determine all possible values of V3 + 4i if this is 
defined as a complex number whose square is 3 + 4i. 

Solutions to Sample Chapter Test n 

Loe Sik ee ek ch me em Saale Feats say eat 

aioe > iol 5. x? - 6x +10=0 6, (4 +V2)+(-4)4 

7. 10 + (-9)i oy 26 a Filo PSP abe! ce LO es 
2 2 egress -2 r Dalgacht Sie 2.¢+pi 13. Ua 

Leese tee lee et get pe 

dO et 2G we I i aes 

18, The image is a square with vertices as (0,0), (3,4), 
(-1,7), and (-4,3). 

1) i} false (2) false) (3) true (4) true) 
5) false 

POse +015 a2 96) 
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Chapter 4 

In Questions 1 - 6, tell whether the statement is true or 
false, 

1. The graph of f:x ~ (4)*, x € R is strictly decreasing 

P. 4-3 = (2) Relora7e = 1+ lope 7.2 

4, The domain of y = log,ox is x > 0 
BNO a a = 

5. 4 =4 6, log,ors = log,or + log,os 

In Questions 7 - 12, evaluate each expression. 

7. 2-2 8, MO «9, (8)72~—-10. log, (2) 11. 878 
12, logs4 + log,s2 

Sketch a graph of each of the following functions. Identify 

at least three points on each sketch, 

13. f:x - oo fo Sloe. x 

15. solve for t > sett = 2S 

16. The number of bacteria increase according to the 

formula wt) = 3-10+.2¢* 5 & in days. 
How long will it take for the number of bacteria 
to double? 

Solutions to Sample Chapter Test 

yd heal ET a ea i 4, F Sir ah 
xt 5 pgp at 8H eas, tome 5 ited 5 

13. TA, 

nS. 1,09 16. t = + day 

PSY 



Chapter 5 

Without using the text tables, evaluate each of the 
following (1-3): 

tte 

4, 

be 

cos(2x +1) at x = 5 Oe sin 224g) 23-7 tang 

Sketch a graph for two periods of 2cos (4x) 

Complete the table below: 

Cartesian Coordinates Polar Coordinates 

(5, -5) as 

Seton [6, 2] 
Matching: 

1. cos (x+y) a. ((cos-x+1)/2)% 
eed ox baucos*xe-a6in2s 

Be yy bs ae ec. cot x 
4. tan Z-x Ge COS X.COS sye— SiN x S101 y 
5. cos3x e. - tan x 

Eos cos 2s TSines 
PCOS Msn Ca aXe GC UNm VE COSm. 

Prove that for all x : 1+tan?x = sec?#x 

Explain 2 different physical situations modelled by 
periodic functions, describing the interpretation of 
period and amplitude in each case, 

Write the rule for a circular function that has a 
graph like the following: 

Solutions to Sample Chapter Test 

1. 

4. 
WeV2 ~ 138 3. V3 

- (2,42 1 (3,33) 
Gad; at pees oe 

(eee 

258 



2 2 ews] i. doten®x = 1+ eee = ©Os*x sce x 

Cosas ecos“x 
| 

Ck hice Ra: 2 
cos *x beac 

8, many possible answers 

9. 3 cos(x + T) 

eg 



Chapter 6 

1, A committee of four is to be selected at random from 
6 girls and 4 boys. 
e} How many committees can be formed? 
b) What is the probability that the committee has 

2 girls and 2 boys? 
(c) In part (a) each committee can appoint its members 

as chairman, vice-chairman, secretary and treasurer 
of the committee. How many differently ordered 
committees of four members are thus possible? 

2. A box contains 30 red and 20 white balls. At random 
two balls are selected, one after the other without 
replacement. Find 

a) the probability that both balls are white. 
b) the probability that both balls are red, 
c) the probability that one ball is white, the other 

red. 

3. In a factory, three workers produce at a rate of 40, 
50, and 60 items a day. Their rate of defective items 
is 2%, 5%, and 4% daily. At the end of the day all 
produced items are grouped in one pile. If an item is 
selected at random what is the probability that it is 
defective? State the events you used and illustrate 
graphically. 

4, In a certain country the population of the age group 
30 to 50 years is 60% male, In this group the probabi- 
lity of a male having a heart attack is 0.25 and for 
a female it is 0.15. A person is reported to have a 
heart attack. What is the probability it is a woman? 

5. Two types of defects occur in manufacturing an auto- 
mobile axle bearing. The two defects occur indepen- 

dently of each other. From long experience the probabi- 
lities of these defects occurring are .O4 and .02 
respectively. Find for a randomly selected bearing from 
the finish line, that it has 

a) both defects 
b 
@ 

only one of the defects 
no defects 

*6, On a final multiple-choice examination, it is known 
that students know 70% of the answers and guess on 
the others, There are four choices on each question, 
only one of which is correct. Draw a tree diagram of 
this situation and find the probability that a question 

answered correctly was guessed. 

Solutions to Sample Chapter Test (6 (4) 

1. (a) Gi) = 210 committees (b) as = xt ors 

(c) (10), = 5040 
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2. Let W, be event white first, W, event white second, 
Then 

P(W,) = =, P(W,|Wi) = oo 

(a) P(W,AW,) = 55 = oie - Similarly, for R,, R, we 

have (R,) = é P(R,|R,) = ie 

(b) P(R,AR,) = mo = a » Since W,fW, and RMR, are 

mutually exclusive, 

(c) ave aa a ore7 Fs Be 

pe P(A) = = P(B) = conn P(c) oe 18 

A 
P(DJA) = a P(D]B) = ore i 

P(D|c) = = 

P(D) = TEs 

P(w|H) = 

40 ap 06 
e 13) 025 ~2650 

5. Let D, be event_has first defect, D, be the event has 
second defect, D, be not the first defect, Ds be not 
the second defect, 
P(D, = 9.04, P(D,) 02s P(Da) = 490702 (De) s.90 

Since events are independent P(E,)+P(E,) = P(E,NE,) 

(a) P(D,M,) = (.04)(.02) = .0008 (it has both defects) 

(c) P(@,MD,) = (.96)(.98) = .9408 (it has no defects) 

(b) 1 - (.9408 + .0008) = .0584 

~| 
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#6, Let K be event student knows, G be event student 
guesses, C be correct response, C be incorrect. 

‘ p(G)«P(cl¢ 
P(G|C) = SrayeBTatay + PIR) PICT 

a 30) (.2 So7sOMe 
SELON Garena = 776 

1 
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Chapter 7 

In Questions 1-5, let R= (1,0,0), S = (0,1,0), 
T= (-1,4,3), and V = (-2,1,-2). If possible, complete: 

1,5R+S 2.R9S 3.R+S+T 4, RST 5, Te(T + V) 

6. Find a parametric representation for the vector line 

7. Find a parametric representation for the vector plane 
containing the triangular region sketched below 

8, Find a standard (non-parametric representation) 
for the plane containing (0,-1,4), (-2,0,6), and 
BES Bay 

9. For this system of equations, find the solution set, 
describe the solution set geometrically, and if the 
set contains more than 1 element, find z. 

KXty +2z=-2 Oxeytr=4# Axt+yt5ze= O 

10, Let A= Cio leel)s B= (-2,-1,1) and C = (0,-3,-2). 
Determine: 

a) the length of AC 
b) the cosine of angle ABC 

Solutions to Sample Chapter Test 

Petits i,0) 2,508 4, .405,5,5)) 24s Notepossibile 

5. 26 6. (x,y,z) = r(-2,1,3); re R 

ie (%s¥,2z).= v(1,-5,1) + 8(-253,5)3 rs8 € R 
8. 3x ~ 2y +z2=6 #£9Y. Solution set: x = -r - “S 

eee 
wee 

10. (a) AC STE (b) cose =F 
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Epilogue 

In Questions 1 - 3, write each complex number in rectangu- 
lar, polar, trigonometric, and exponential form. 

Pee) ate (ae =) 3. (cos $+ 4 sin Z)° 

a, BIS + We to exponential form to compute 
J2 + iv2)®, Express the result in a + bi form, 

5. In exponential and rectantular form, find all the 
roots of z4#+z = O (Hint: Factor z4 + z) 

6. In exponential form, find all of the roots of z® = 1 
ta) Plot the roots to show their geometric pattern 
b) By cubing each of the roots of z® = 1, identify 

those that are also solutions of z® = 1. 

Solutions to Sample Chapter Test 

1. V7; W7>,7)3; V7(cosr + i sinr); Jett 

a 

a. “3 + ey (ie =F); 3 (cos=Z +i sin=Z); Ze > 

Se ~13 ae ae + i sinr); ett 
Sri 

4, J/2 + W2 = B. (dese = (2e r, Sie rine a 

= 512e° (a= 512 

5. Roots are: 0, -l, ce 

aye Roots are: e =e > n= oe eee 

n Root Root Cubed 

0) i at 
wi 

Bl Aas ett = <1 

2ri 
5 Z 9 ec ti oe 

3ri 
5) e 3 emi = <-l 

Nard. 
Mm pe are et 

51 

3) ae ere a) 

Hence the solutions of z® = 1 that are also solutions 
of z* = 1 are: 

Ori Nori 

ale aoe and pee 

264 










